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1. Introduction

This paper is devoted to the subject of Kéhler anomalies in gauged NV = 1, D = 4
supergravity theories. The subject is certainly not new, but we revisit it because gauged
supergravity appears as the effective four-dimensional theory in flux compactifications of
string theory and in recent applications of Fayet-Iliopoulos couplings.! Kihler anomalies
are not always physically significant, but when they are the field equations of the theory
become inconsistent. The relation between anomalies and inconsistency is emphasized in
our work.

The models we consider contain the supergravity multiplet (eZ, V), coupled to gauge
multiplets (A}, \*) and chiral multiplets (2%,1®). The dynamics of the chiral multiplets
is that of a non-linear o-model whose target space is an n-dimensional Ké&hler manifold
called 7. In these theories the (Majorana) gravitino covariant derivative contains both the
spin connection and a U(1) axial gauge connection, i.e.

1 o1
DM\I/V = <8M + Zwm‘j"}/z] + §ZBM’}/5>\IJV . (1.1)

'For early supergravity models in which the relevant structure appears see [ﬂfﬂ]



The Kéhler connection B,, is typically a composite function of the scalars z%, z* and the
elementary vectors AZ. The structure of supergravity requires the Kéhler connection to
couple to the gravitino and all other fermion fields.

The Kahler connection and the conventional axial couplings of the fundamental gauge
field Ay, lead to anomalies of gauge currents which we explore through their effects on the
consistency condition for gauge field equations of motion?

a 174 al/
D, F" = J". (1.2)
The left side vanishes identically if one applies a further D,,,
a a
0=D,D,F" =D, J", (1.3)

and the current must be conserved for consistency. If the classical action is gauge invari-
ant, then the current is conserved classically for field configurations which satisfy classical
equations of motion. But, as is very well known, fermion triangle anomalies, which yield
(schematically)

Dy, J" o P tx[T FpFy), (1.4)

spoil current conservation and consistency at the quantum level [f].

It is the consistency condition ([[.3) that we study in supergravity models. By classical
manipulation we express D, J% in terms of bilinear fermion currents, and we evaluate their
anomalies, using the Fujikawa method [[] to express results in terms of covariant anomalies.
The analysis is a quite complicated affair in the supergravity models, so we develop the
basic ideas in simpler truncated models in section 3 before applying them to the general
situation in section 4. This follows a review of gauged Kéhler non-linear o-models in section
2.

In section 5, we turn our attention to supergravity models which descend from flux
compactifications of superstring theory. We study a generic model with gauged shift sym-
metry and show that the field equations are consistent although there are uncanceled
triangle anomalies. The consistency problem is avoided because the Kahler potential is
shift invariant, and fermions couple only to the invariant Ké&hler connection.

The shift symmetry is special. In other models gauge current anomalies must be
canceled to maintain consistency. The question of anomaly cancellation in a class of models
which include Fayet—Iliopoulos couplings is investigated in a sequel to this paper [f]. For

this purpose, the covariant anomalies are reexpressed as consistent anomalies. Both finite

local counter terms and the Green—Schwarz mechanism are incorporated.

2. Kahler manifolds and holomorphic isometries

We begin by reviewing (and defining notation for) the local geometry of Kahler manifolds
and their continuous isometries. For more information, see [[]-f]. We also discuss Kéhler

anomalies in general terms.

2Gauge group indices are denoted by superscripts in the text and by “overscripts” in equations.



The scalar fields are complex coordinates on 7. They are denoted collectively by
24, A=1,...,2n, which split into n holomorphic coordinates z® and n anti-holomorphic
2%, The metric splits in the standard fashion

ds? = GapdztdzP = QGOCdeO‘dzB, (2.1)

in which the metric tensor can be expressed as second derivative of the Kéhler potential
K(z, %), viz.
82
70{3 = —
02002P

We use a comma to denote partial derivatives, and a semi-colon for Kéhler covariant deriva-

Gy = K K(z,%) . (2.2)

tives, e.g V¥ 3= V%5 —|—I’%7V7. The only non-vanishing components of the Christoffel
connection F’gc are the all-holomorphic I’%ﬂf = GO“SG,YS,Q and its complex conjugate I@W'
The curvature tensor R4p®p enjoys the usual symmetries, but the only non-vanishing
components are R, 375 = -Is, 5 and those related by symmetry and complex conjugation.

It is significant that the metric G5 does not change under Kahler transformations of

the potential
K(2,2) — K'(2,2) = K(2,2) + f(2) + f(2) . (2.3)

In general the potential is not a global scalar, but is locally defined in each coordinate
chart, the definitions in overlapping charts related by a Kéhler transformation. Most
terms in gauged supergravity Lagrangians are invariant under (.3), but the Kéhler con-
nection changes by B, — B, + 0,Im(f(z)). Classically this can be compensated by an
axial gauge transformation of the fermions, e.g. ¥, — exp(—%lm(f(z))%)\lfu, but this
transformation is anomalous. This is the basic Kéhler anomaly. It does not necessarily
make the theory inconsistent at the quantum level. In this paper we focus on situations in
which a gauge transformation of the bosonic fields induces the Kéhler transformation (R.3).
The accompanying fermion gauge transformation is anomalous and the theory does become
inconsistent. We now review the machinery needed to implement gauge symmetry.

In our physical models gauge fields couple to holomorphic isometries of 7. Each such
isometry is defined by a holomorphic Killing vector X*(z). There is a real scalar Killing
potential D?(z, z) related to each X& by D¢, = —iX%. The holomorphic Killing vectors
satisfy X g; 5T Xg;a = 0 and generate a Lie algebra via the Lie bracket relations

aﬁ boz bﬁaoz abe o
XX - XP X% 5= fo x° . (2.4)

We assume that this Lie algebra is a direct sum of a compact simple algebra and possible
U(1) subalgebras. The Killing potentials in the non-abelian simple sector are uniquely
defined by the requirement that they transform in the adjoint representation, i.e.

a., b as b abe €

X D,Q+X Dad:f Da (25)
while those in abelian factors are defined up to an additive integration constant, i.e.,
D% — D* + £ where £° is a Fayet—Iliopoulos coupling in the physical context.



The Killing vector relations above state the fact that the Kéhler metric G 5 is invariant
under the isometry, and the connection and curvature tensor are also invariant. However,
it is important to note that the Kahler potential need not be invariant. It must satisfy
only the weaker condition

a

XK o+ XK 5= F (2) +

e

(2) (2.6)

which implies that the metric is invariant. The holomorphic quantity F*(z) will play an
important role in our discussion. It is easy to show that D% and F'* are related by

a

a a a a —
D=i(K,X"—F)=—-i(KagX*—F). (2.7)
Note that even in the case of an invariant Kéhler potential (R.q) always leaves the freedom
to add an imaginary constant to F'®. In the non-abelian case, the value of that constant
is fixed by imposing (B.§) while for an abelian isometry it reflects the freedom to add
a Fayet—Iliopoulos coupling £% to the theory. Even when the Kéahler potential is gauge
invariant and the right side of (R.f)) vanishes, there are Kéihler anomalies which threaten
the consistency of the supergravity theory if {* = Im(F%) # 0.

In gauged supergravity all fermion fields couple to the composite Kéhler connection
which is given by

1 o a a & a < 1 o & a a
= %(K,QDMZ + A F — KD,z —AMF) - Z(K,aauz — K50z ) +A4.D .

(2.8)

It couples with gravitational strength and thus appears with coefficient x? which is set to

B

% = 1 in the present notation. Under the gauge transformation
520 a a 3 a ag a a abe b ¢
=0 X%, 67=0X", A, = 0,0+ " A0, (2.9)

one may show that B, transforms as an abelian gauge connection, that is

8B, = 9,(fTm(F)) . (2.10)

The mathematical background just described leads to the bosonic Lagrangian of the
non-linear o-model on 7 .
Ly = —G oD, 2" DH2P (2.11)

with covariant derivatives

D% = 8,2 — A, X%, D.P = 9,28 — 4, X7 (2.12)
p " pA 1 1 i : :

The supersymmetric partners of the bosons are Weyl spinors which transform as tan-
gent vectors under holomorphic diffeomorphisms of 7. We write these as 4-component
spinors with chiral projectors L, R = (1F~5)/2. Thus a chiral multiplet consists of the set
(2%, L1®), while an anti-chiral multiplet is (zﬁ , @B R). The fermion kinetic Lagrangian is

Ly = Gug "D = — Gop(Dut? R)yHy° (2.13)



with covariant derivatives®

a a
DuLip® = (0u05 + T, 002" — Au X% )L17,
DPR = (8,00 + 179,25 — 4, X% )R (2.14)
Iz 1Oy 7591 Ay : :
It is a useful exercise to show that under the gauge transformations of (2.9) for the bosons
and
a a
SLY® = 6 X% 5 LyP, (2.15)
for fermions the covariant derivatives transform as (holomorphic components of) tangent

vectors, i.e.

a a a a
0D,2% = 0 X“5 D%, SD, Iy = § XV53D,Ly° . (2.16)
3. Anomalies and Inconsistency

In this section we will derive the consistency condition in a succession of models which
gradually incorporate the features of the full gauged supergravity models which we tackle
in section 4. It is worth stating our strategy in general terms before embarking on the
detailed analysis.

3.1 The strategy

a
‘u,7
fermions (the gravitino, gauginos and chiral fermions) which we temporarily denote by .

The models considered include gauge fields A%, scalars z%, z% of a Kihler o-model, and

The gauge current in all models is defined by

a (5£—|—lFbyFbwj a
go = 0 ST ):J§+J§i (3.1)

and is the sum of a purely bosonic term J;* and a term J$¥ involving the fermions.
The gauge field satisfies the Yang-Mills equation ([.9) and the consistency condition ([[.3)
requires conservation of the full current, i.e.

D,(J} + 3;) =0. (3.2)

One way to isolate the anomalous fermion terms in the divergence of the current is to use
the scalar equations of motion (which include fermion terms) to evaluate D, J* in (B.2).
However, this process is rather complicated in the context of the gauged o-model, and it
can be bypassed as we now describe.

In any gauge invariant model there is a functional identity which expresses the gauge
invariance at the classical level, namely

’ o, o, 0L az0L a0
D, J’ iad B = —| = .
6(@)|[D, T+ X0+ X S Tovss] =0, (3.3)

3The Kéhler connection B,, will be included in later sections. The Lagrangian of the supersymmetric
o-model @] includes another term iRa 'Wg('LEO‘LQZﬂ)(’LEBRQ/)(S) and a Yukawa coupling to gauginos. We
will discuss this quartic term in footnote ﬁ

, and the Yukawa coupling will be included in the supergravity
analysis.



in which the gauge variations of the bosons of (R.9) appear and gauge variations of all the
fermions are symbolically denoted by 0%). As is very well known, this gauge identity tells
us that, no matter how complicated the model, D, J*” vanishes classically if all charged
fields satisfy their equations of motion. It may also be interpreted as the statement that, if
the scalar equations of motion are satisfied, the functional form of D, J* is the negative
of the fermion gauge variation of the Lagrangian. The consistency condition ([.3) may be
viewed as a cancellation condition for the correction to the gauge identity due to anomalies.

3.2 A model with gauginos

We now apply the strategy just outlined to derive the consistency condition for a model
which incorporates some features of gauged supergravity theories. The model contains a
(non-abelian) gauge field coupled to complex scalars z® which determine a gauged non-
linear o-model whose target space is the n-dimensional Kahler manifold 7 and to Majorana
fermions A% in the adjoint representation of the gauged isometry group G. Since we leave
out the chiral fermions, the superpartners of the z%, this model is not supersymmetric. Its
Lagrangian density is

1 a a o 3 a a
L= = Fu F" = GogDuz®DF20 + 5 A Dy X (3.4)

DO =

The boson covariant derivatives are given in (R.12), while the fermion covariant derivative
a a abe 0 € 1. a
DyX =0u X + [ Ay X + 5iBy75 A (3.5)

includes both the expected elementary connection and the composite Kéhler connection
B,, defined in (R.§). We include B, in the present non-gravitational model to illustrate the
important role it plays in the anomaly analysis.

The Lagrangian (B.4) is gauge invariant under the transformations of (B.1§) for bosonic

fields and
a abe ? € 1.0 b a
IN=f"N0— gzelm(F)’ys A (3.6)

for the fermions. It also has the global axial symmetry dA® = iaysA® with Noether current

Y5 A (3.7)

>l

NH — _

N .

Although we do not need the explicit form of the equations of motion, we record them for
completeness. One can write the gauge field equation as
§(L + T FhF)

4~ po SArv. B | % 1a v
_ __ D DN .
5 Aa Gap X z° 4+ —|-2D (3.8)

a 1 aV
D,F" =]
with the adjoint gauge current j% = i fabcXba¥ X¢. The equation for the scalar z® is

)

1 1 .-
DVD, 2% = —§i(N”Dyz°‘ +5GK BVN”) . (3.9)



The left sides of these equations contain the gauge covariant harmonic map operator
DD,z% = (9765 4+ I'§,0"27 — AY X%%5)D,2%. The equation for z% is the complex
conjugate of (B.9).

To derive the consistency condition we insert the Dirac conjugate of the fermion gauge
variation (B.6) in the gauge identity (B.J), assuming, of course, that (B.9) is satisfied. After
some index shuffling, we obtain

a a a b c 1 a b b
6D, J" =6 A"Dy A + 5iTm(F) Ays7" D X (3.10)

Note that the B, connection cancels in DH)\b due to the symmetry properties of Majorana
bilinears. The Majorana properties also allow us to extract D, as a total gauge covariant
derivative. Then dropping the overall factor of 6%, we can express the consistency condition
as

a a 1 a
0= DI/ JV = Dl,jy + §Im(F )&,N" . (311)

The currents N and j* are conserved classically, so we would obtain the identity 0 = 0
reflecting the classical gauge invariance of the theory. The advantage of the consistency
condition (B.1) is that it enables us to bring in the quantum level violation of gauge
invariance due to the anomaly.

3.3 The axial anomaly with gauginos

The anomalous contribution of (B.11]) may be calculated by the method of Fujikawa in which
we consider the change in the fermion measure in the path integral due to the changes of
variable A% = ia(x)y5A* and 6A? = f2%€\P0¢(z). In order to minimize repetition of well
known material we will give only brief discussion and refer readers to the monograph of
Fujikawa and Suzuki [f]. Results for the several cases of anomalies needed in this paper
can be obtained by modification of the appropriate sections of [[j]. All results are stated in
terms of the covariant anomaly.

In particular the anomalous divergence 9, N” in our model may be obtained by rewrit-
ing the Majorana kinetic action in terms of Weyl spinors and using sections 6.4 and 6.4.1
of [f]. Fermion mode functions are defined to satisfy

DrDL bn = —pi bn (3.12)
with
o u ab w 1. ab abe &
DL =+"DuL = v [(au ~ 5iB)I" ~ f AM]L,
ab abT w 1 . ab abe &
Dr= =D}, = 7|0 = 5iB)0" = f™ A4, R (3.13)
Note that .
lDRlDL = |:D'uDu + §’Yﬂyfuy}La (314)



in which .7:33 is the field strength of the full connection in (B.13), namely

b 1
;:MV _ _fabc }%MV o §iBuy(5ab ’

c c c d e
Fu = au Ay — 0y Ap+ dee ApAv, Bu = aﬂBV - aVB# : (3.15)

The anomaly of the Noether current N, of 6A* = ia(x)y5A® is

y 1 wpo ab  ba
(ON") = = 55" Fuv Foo =

y 1
55" | C2(G) b o + Zn)\BWBPU] , (3.16)
where n) = dim(G) is the total number of gauginos and Cy(G)§® = facd fbed i5 the adjoint
Casimir operator. The vector current is also anomalous here because it couples to the B,
connection. Its anomaly is

i . pecd A1
¢ 4 Fw e = g
Combining (B.16), (B.17), and (B.11]), we find that the “inconsistency condition” of the

model reads

1 a 1 a
0 = §Im(F)6“"po |:C2(G) F b F b + Zn)\BlWBPU] + Co(G)e"?? FBpo (3.18)

<Dl/.] V> = CQ(G)GMVpO- ﬁ“pro’ . (317)

The model appears to be fatally inconsistent since the coefficients of all three terms on
the right-hand-side have to vanish. We will discuss in [[f] the possibility that parts of the
anomaly may be removed by adding local non-gauge invariant polynomials in the gauge
potential and the Kahler connection to the classical action. However, it will turn out that
no such counter terms exist to remove the term involving B, B,,. Therefore, the model
is indeed inconsistent unless the Kéahler potential is gauge invariant.

3.4 Models with chiral fermions

We now analyze another model in similar fashion, a model in which the non-abelian gauge
field is coupled both to the bosons and fermions of the K&ahler manifold o-model. The
features of both models discussed in this section, and more, will be combined to treat the
general gauged supergravity model in section f. The Lagrangian of this model is

L= —i J(JI‘W o GO{BDMZQD“ZB + GQB@BV“DMLwa (3.19)
with fermion covariant derivative?

DL = (9,85 +T5,0,27 = 4, X35 +%z’BH6f§>L¢5 . (3.20)
The Lagrangian is gauge invariant if the boson transformations of (R.15) are combined with

OLy =0 (X5 Ly %Im(ﬁ)Lwa) , (3.21)

4Note that B, couples to Ly* and LA* with opposite sign.



and there is a global axial symmetry dLy® = iaLy® with Noether current
NF = —iGo g " Ly . (3.22)

The gauge field equation is

a . a, (5(£ + %F[%Fbpa) a, a, 1l a u
a a > a 3 a a —-n
Ty = =Gug( XoD"P 4 XOD2) 5 = Xpo 0P Lo, (3.23)

and the scalar equations are

oL

— =0 = GasD,D"s" + Ry Dy (074" L) (3.24)
+G o550 " Dy L™ + 5(;571)“2«5]\7“ + 7505 OulN”,

oL 5 5 G

=0 = G.3D.D"2" — Rs,5,Dy2° (P4 Ly®) (3.25)

_a i 3 i 5 7B
FGop WPV DL = 3G, Duz NY = 2Ky OuN* = Gl D97 Ly*) -

Note that Rygas = Rysas. The second equation becomes the conjugate of the first after
applying the covariant divergence to the fermions in the last term of ([.27).

It is a very intricate task (which we have done) to derive the consistency condition
for this model by combining equations of motion. The complicated scalar field equations
are indicative of the difficulty. It is far simpler to use the gauge identity (B.3). For this
we simply need the fermion gauge variation of the Lagrangian, using both §L1* in (B.21)
and its conjugate 51,53 R. After dropping the common factor 6%, the gauge identity can be
written immediately as the consistency condition®

D, " =-Gos( )%B,W%Im(ﬁ)aé)zﬁwmw“ - (x°, —%Im(ﬁ )02 ) (D R)y |
(3.26)

The non-covariant terms in this expression originate in the fact that o-model fermions
transform under gauge variations as tangent vectors on the target space and thus carry the

~

non-covariant factor X“*, 3. The result (B.26) may be rearranged to read
a, 1 a’y a:Y -3 o 1 a y
0 = D,J" = 5(Gs X7 —Gas X75 ) Dy (074" Ly®) + SIm(F)O,N (327)
1 Y 7 7Bt a TV~ T oy
~3(G15 X7 +Gag X7, ) (7 DL — (D)7 L) .

We are again in a situation in which the consistency condition would be satisfied if the
classical fermion field equations are used, but the form of the right side allows us to probe

5 Suppose that we modify the model by adding the quartic Ri)* term in footnote E that is part of the
supersymmetric non-linear o-model and repeat the analysis. The consistency condition would be modified
by the fermion gauge variation of the quartic term. We will assume that this does not modify the anomalies
and leave this complication aside.



possible quantum anomalies. Indeed, the anomalies of D,,(?,EBVVIAW‘) and d,N” will be
obtained in the next section. One might suspect an anomalous one-loop contribution from
the fermion bilinear in the last term of (B.27) because this term resembles the trace of a
fermion stress tensor. However, we have checked that the contributing Feynman diagrams
conform to the trace anomaly calculation of [T1]] and cancel.®

3.5 The axial anomaly with chiral fermions

The first two of the three terms of (B.27) contain quantum anomalies whose calculation
can be modeled on that of section 6.4 of [{]. To adapt the treatment of section 6.4 to the
situation of the non-linear o-model we introduce frames on the target space 7 via

ds® = QGQdeadzB = 25ijegdzae%dzg (3.28)

and use the frame basis to reexpress the o-model fermions as
Ly® = ¥ Ly, PR = eJJIR, (3.29)
B

J
rewritten in the frame basis as

where e, e; are inverse frames. The fermion kinetic Lagrangian of our model can be

G o5’y Dy Lap® = Ypiy* Dy L)' (3.30)
with
TR — S Vi — o ve. B Qi — B ipa B
UiR = 0;/R, X% = eq X“ipej, i = epejctealBee

i j 1. i i a o, i
DLy = [(au + 5iBu)0 + Q00,27 — 4, X ;j}szJ . (3.31)

The 2n-valued index C' appears because the Kéhler spin connection couples to both 9,27
and 0,27,

As discussed in [[[J], the fermions 1 are sections of a holomorphic vector bundle on
7T with structure group U(n). The new fermion kinetic term (B.3()) is separately invariant
under diffeomorphisms of 7 and unitary transformations of the frame and fermion fields,

viz.
el — U;eé, eia = Oiel, — ej@UiTj,
W U,y — U (3.32)

where U]Z:(z, Z) is a unitary matrix. This means that we can apply the discussion of section
6.4 of [f]] quite directly and obtain the anomalous response to the transformation (B.33) of
the fermion fields in the path integral measure. For this purpose we introduce a standard
basis of generators Tfi, with @ = 0,1,...,n% — 1, of the fundamental representation of

SThis is also described in section 19.5 and figure 19.10 of @] The trace anomaly in Yang-Mills theory
comes from another diagram, not present in our case, involving the gauge field stress tensor and fermion
vacuum polarization.

,10,



U(n), normalized by tr(T°T%) = £, and write U = exp(ia®T®). The U(1) generator is
TV = §i/\/am.
Following [[]], we expand the field ¥* in mode functions ¢’ which satisfy (B.1), but

with the new operator
(. L) “D’ L (3.33)

and D;itj given in (B.31). The relation (B.14]) holds with field strength (see also [[4])
) a a, 1. .
f;yj = RABZjDMZADVZB - F;u/ XZ7] +§ZB;,LV5;' ’

RAB Jj = Qfaxj,B + chquBj - QiBj,A - QiBlQlA]’ . (3-34)
It then follows from sections 6.4.1 and 6.4.2 of [[]] that the anomalous Jacobian J(a%T?)
of the path integral measure is

i

3272

InJ (& %) /d4x &(m)e"”patr(%f“y?po) . (3.35)

The anomalous conservation law of the U(n) current is

_ a. . 7 a
(D (b Ty LY")) = oo te(T FuFpo) - (3.36)

We now relate this result to the anomalous divergence in (B.27) by expressing that current
in the frame basis and using the completeness relation of the matrices 7%, namely

T Tf = 6165, (3.37)
to write
(D, (" L)) = ehel THD, (DT +"9)
= 322 2eﬁe T Tl GMVPUfLVmF;Zk

= @ Fly - (3.38)

In the last line we converted the field strength to the coordinate basis of 7 in which

Fos = R ;%5(Duz"Dyz° — D,27D,20) — Fry X% +%BW5§ . (3.39)

The inconsistency condition then reads

a
0= (D, J") =~ 55 [Gm Vs — —Im( )55} PTG, F s (3.40)
in which we use the abbreviation
a 1 a - a 5
Vai = 5: (615 X7 —Gas X5 ) - (3.41)

When the field strength (B.39) is inserted in (B.4() one finds a rather complex but correct
expression for the anomaly. Even when Im(F®) = 0 the anomaly contains new terms due
to the presence of By, in (B.39).

— 11 —



3.6 An example: CP!

It is useful to treat a specific example which has the features of the general o-model
discussed in section 3.3, yet is simple enough that one can obtain the consistency condition
without the full geometrical baggage. Therefore we outline briefly the case of the target
space CP!. The isometry group is SU(2) with three holomorphic Killing vectors X (z),
a = 1,2,3. The Kahler potential, however, is not invariant under SU(2). Thus Im(F%(z)) #
0, and Kahler anomalies play a role in the consistency conditions. To analyze this model
we need the Kahler potential, metric, and connection

K=In(1422), G..= 142272, I'% =-2z1+23)"", (3.42)
and the Killing vectors and D-terms
1 7 1 1 2z+2
z — _ 1 _ 2 —
X p1=20) D= 55
2 1 2 1 zZ—Z
z — 1 2 — _
X 2( +2%), D 31422
3 3 11 -2z
o - _ = . 3.43
X 1z, D 911 22 ( )
This leads to
1 i 2 1 3 1
= — = = —— . 44
F 22', F 22, F 5 (3 )

Note that the Kihler potential is in fact invariant under the third isometry X3, but still
Im(F3) # 0. Due to (2.) it is fixed to the non-vanishing constant value above.

We consider the CP! g-model, with a chiral fermion, and with the full SU(2) sym-
metry group gauged. However, to simplify the equations, we set the gauge fields A}L and
Aﬁ to zero” and focus on the inconsistency related to X3%. Similar results would be ob-
tained for the other two isometries. We also leave out the gauginos. In this model the

Lagrangian (B.19) becomes:

13 3W .3 M .3M
[,:—ZFMVF —m{@u—zflu)z(@ +1A )Z
- 220,z 1—2z3 1
— by _ K ; ZiB. L
v (a“ 1+22 Zl+z2A“+2Z “) w]’

Im(20,2) — 3(1 — 22) A3

B, = K 3.45
’ 1+ 2z ( )

It is now straightforward to obtain by direct calculation, ignoring the geometrical origin of
the terms in (B.45), the consistency condition

o _p 9L 0L oL
I VTR PR E
7 - 1 7 ~
—mDu(T/}W LT/))— Za” —m¢7 Ly, (3-46)

"If we were to gauge only the U(1) referring to X3? then the constant Im(F*) would be arbitrary and
interpreted as the Fayet-Iliopoulos coupling. In particular we would have the freedom to set F® = 0, since
the Kahler potential is invariant.
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where D), is the full o-model covariant derivative. This result can be compared with the
general expression (B.4(). The first term reproduces Yj@ = —G,j, the second Im(F 3 =
—1/2. In this simple model the two terms in the last line of (B.4() are proportional, so we
get

0= —%&,N”, (3.47)

as a special case of (B.4(]), with the U(1) axial current

7

NV = ———— 47" Ly . 3.48
AT 22?7 1Y (3.48)
The axial anomaly is
v 1 17

(O,NY) = 39,2 P FwFoo (3.49)

in which F,,, is the field strength of the connection in (B.43), namely

2 _ _ 1—2z 3 1.

fl’“'/ g 7(1 + ZZ)Q (DMzDVZ - DVZDMZ) + Zl + ZZ F}u/ + nguy . (350)

This agrees with (B.39) in the CP! model.

4. The general gauged supergravity model

The supersymmetric o-model coupled to supergravity includes the gravitino and various
coupling terms in addition to the terms studied in the previous sections. The action is

Slelyy Ay 2%, 20 P N W, = [ dhedet(el,) L 4.1
[euaAuaz 7271/} 71/}7)\7 M]_ X e(eu) SG ()
with Lagrangian density (in conventions similar to those of [[[5])
Lsc = Ly + Ly + Ling + quartic terms (4.2)
with
1 1a a 1aa a3
Eb = §R - Z FMVF - 5 DD — GOéBDNZ Dtz s (43)
1¢ a _z
Ly = 30" Dy, + 5 AV D\ + Gty DLy,

Lint = Gop [Duzﬁ\flyfy“'y”Lwa + DuzazﬁBRfy”fy“\IlV]

—+ ‘ |~
leEH !

a _ a a _ a an? a_ _—z_a
DUy y5 X + Fpo U, A + V2G5 XX L™ + X*0 R A .

We omit the complicated set of four-fermion terms, see [[[§], but our argument includes
their effects, see also the footnotes [ and []. We assume there is no superpotential and
minimal (i.e. field independent) gauge kinetic functions to simplify the discussion. The
gravitino covariant derivative is defined as

1. 1 o1
DV, = <Vu + §ZB;/Y5)\IIV = (BM -+ Zwuij’y” + izBufyg,)\I/,,, (4.4)
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in which V, includes the spin connection. Covariant derivatives of the matter fields were

given previously in (R.19), (B.), (B.-20). One must replace 9, — V,, in (B.20) and (B.).
Note that the composite Kihler connection (R.§) couples to all fermions.
The model has a global U(1)r axial symmetry with transformations

a a
SLY® =ialy®, X =iays N, 0¥, =iays¥, (4.5)
and Noether current
7 _z a a _
NH = =2 |26, "V LY + Ay s X + T )" 50, | (4.6)

It is an R-symmetry since 2 is neutral while L®, LA%, and LV, have charges —1,+1, +1,
respectively. The U(1)gr symmetry is effectively gauged by B,. There is also a gauge
symmetry with parameters 0(z) with 5AZ = D,,0% For the gauge variation of other fields
we use the notation § = 046*. We then have

gzaz)%o‘, ng = )%ﬁ,
SLY" = X5 Ly — SIm(F)Ly®, §9°R = X750 R+ SIm(E )R,

) a 7 a
f“bc)\c—— m(/b)ysA", oW, = — SIm(F)y 0y . (4.7)

e
|

b
)

Holomorphic Killing vectors X% (z), X% (z) and the holomorphic function F%(z) induced
by a gauge transformation of the Kahler potential were discussed in section 2. The gauge
invariance of the theory is expressed by the identity

a 5L oL 5L
5Lsa = 0 =0(x) [ - DV(STSS +X“ o + X7 5:;’ (4.8)
SLsq oL 0¥ §Lsq - 0L
—5 ,0LsG SG 2 sG |, 4 9Lsa
+39 R5g5 + pe STV TOATR Y, wp]

which is the same as (B.J) applied to the general supergravity Lagrangian. The gauge field
equation of the model reads

§(L+ 3Fh, Fo)

a a
D wo_ v = 4° pv
wF d §Aa
4y ay % la v 4y
= Jy S5 G DN+ Ty (4.9)

with Ji' and J} defined in B:23), j* = 3 f N4\ and

5£int
5 A2

ay
Jint - -

1 az_ a _z _ a
= EGQB[X%W”WPLW + Xai/)ﬁRvpy"\I/p] +2D, (U 4" 4P \) . (4.10)

To derive the consistency condition we now follow the same strategy as above. Assuming
that the gauge variation of the action from varying bosons vanishes by the scalar equations
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of motion, the consistency condition arises from the fermion variations. The supergravity
generalization of the expressions obtained earlier for only gauginos in (B.11)) and for only
chiral fermions in (8.27) turns out to be

0= (Vo J") = iV oa(Vul @ L) + (V) + 5B (TN, (411)

in which the V,, derivative carries appropriate space-time, target space and gauge connec-

tions, and (...) again indicates just the anomalous divergences of the currents. Comparing

with (f.9), we have dropped the divergence of J2/. As we argue in the appendix, this does
not affect the anomaly. The condition (i.11)) is the central result of our analysis.

The proper Kéhler anomaly, proportional to Im(F?), is the third term of ({.11)). The
anomaly has contributions from gauginos as in (B.16), from chiral fermions, as can be
inferred from (B.4(]), and from the gravitino. The gravitino gauge anomaly is 3 times that

of a gaugino, but coupled only through the Kéhler connection in ([..4). We obtain

v uvpo a a nx+3
<VVN >gauge = 327’1’2 € CQ(G) F,UJ/ Fpo + 4 B/,U/B;U/ + C,ul/pa] . (412)
To write the contribution of the chiral fermions we first define
5 5
ijﬁ = Rvgaﬁ(Duszyz — DVZVDMZ ), (4.13)
which is essentially the target space curvature tensor pulled back to spacetime. Using this
we form
o 3 a s a. b 3 1
Cuvps = X000 T Fuv ! bo X% X750 _anBHVBPU
. a ¢a. a 8 Za. Qo
—i FuvyBpo X%0 =2 F1uX50 X5 1250 Bpo - (4.14)

The anomaly of the gaugino current j% in the second term of (f.11]) is identical to the
truncated model of section B.3 given in (B.17). The contribution of the chiral fermions to
the first term in (§.11)) is

i
3272

b b b
B,uqua(;g —if b;prU Xa;ﬁ +i2gyﬁBPU 7 bﬂl’ (E;Ofm Xﬂ/;ﬁ +EZJB Xa;’Y >] :

MVpO—Gﬁg ’ = | N E’y f 5 ba. C’Y. 4.15
€ Yoo pvry pgg+ l%quaX ,'yX 8 ( )

Y o3 (Vo (077 L) gnuge =

1

4

In the case of a flat target space 7 = C™ and a linear realization of gauge symmetry, the

Killing vector derivative reduces to constants, X%%;3 = X 53— T% 3, a matrix generator

of the gauge group G. In this case the second term of (J.15) reduces to the conventional
cubic gauge anomaly of the chiral fermions.

The gravitational anomaly is more conventional. See chapter 10 of [ff], for example, for

spin % fields. The contribution of the gravitino to the anomaly of the Noether current is

—21 times that of a gaugino. The gaugino current j* itself has no gravitational anomaly.

The complete result is given by

(VuNY)gray = —W(m — 21 —ny) P Ryer Rpo®T
i

.
—o37 Y 05GP P Ryper Rpo™ (4.16)

Y 03 (Vo (077 L)) grav =
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One can see that the gauge anomaly is very complicated. As a general observation, it is
not possible to cancel the coefficient ny + 3 — ny, of By, B, in (f.19) and ([.14) for the
gauge anomaly and the gravitational anomaly in ({.16) at the same time by adjusting ny

and 7.

If Im(F?®) = 0, then the 0, N” anomaly is absent. However, there are still several new
terms involving B, which can affect the consistency of the model. Anomaly cancellation
will be studied in [ff] with emphasis on the case of a flat target space.

5. Flux compactifications: gauged shift symmetries

In this section we apply the general formalism developed earlier to a supergravity model
with a gauged shift symmetry. This form of gauge symmetry arises naturally in compact-
ifications of ten-dimensional supergravity or string theory with background fluxes for the
p-form field strengths along the internal directions [[If]. Specifically, we will use a trunca-
tion of the N = 1 flux vacuum model found in [[[7]. Similar structures also occur in models
with gauged N' = 4 supersymmetry [[§. In the latter case one deals with a toroidal
flux compactification. The gauging of shift symmetries is evident from the dimensional
reduction of the type IIB 5-form, schematically®

L 26) 4 @) g3 2) (3)
=Fuxorr = OuChtpr +2C, 0 Hopy = 2B, Fyly (5.1)
The kinetic term for the scalars Cr(lii)r in the four-dimensional Lagrangian then contains a

coupling to the vector bosons C,(ﬁ} and B,(ﬁl), and the coupling constants are given by the

values of the 3-form fluxes Fégl)« and Hég)r The vectors thus gauge the shift symmetries of
the scalars whenever fluxes are present.

In A = 1 supersymmetric Calabi-Yau flux compactifications a similar gauging arises.
The truncated model we will discuss includes an abelian vector multiplet with fields (A, A)
and one chiral multiplet with (L, S = e? +ih). In [[[7] there are several abelian gauge
fields AL which arise from the reduction of the RR 4-form along 3-cycles of a Calabi-Yau
manifold. They couple to scalars of chiral multiplets with charges e; determined by flux
quantum numbers. The scalar S which we retain in our truncation is the universal scalar
of the string compactification. It involves the string coupling and the RR axion h. It
parameterizes the well known non-compact SU(1,1)/ U(1) manifold. Scalars and vectors
couple through the covariant derivative D,S = (9ue¢ +i(0uh —eA,). The gauge symmetry
is thus the shift symmetry

Sh=0(z), 66=0, 6A,— é@uﬂ(:c) . (5.2)

The corresponding Killing vectors are imaginary constants and read

X5 =-X%=ie. (5.3)

8The indices are M, N, ... for ten dimensions, m, n, ... for internal six dimensions and y, v, ... for four
dimensions. The CP are RR p-forms with field strengths F®TY B® the NSNS 2-form with field strength
H®.
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The Kahler potential, which is gauge invariant in this model, is
K=-In(S+9). (5.4)

The abelian gaugino A is always gauge invariant, and the chiral fermion 1 is gauge invariant
in this model since X*,¢ = 0. The D field is defined by the differential equation

GgsX® =iD,s, GggX®=—iDg, (5.5)

with general solution
e

S+ S

The explicit dimensional reduction of [[7] leads to a potential energy from D-terms given

by

£ (5.6)

1 1
V = §€2€_2¢ = §D2, (57)

which implies that £ = 0, even though a non-vanishing value would have been compatible
with D = 4 supergravity.
The full Lagrangian of the model is a special case of (.3) and rather simple. It reads

L= ﬁb—i—ﬁf + Lint , (5.8)
1 1 |
Ly, = 5B - ZFWF“” — GggD,SD"S — 5D2,

1 _ 1- _
L= §€“VPU‘I’WVDP‘I’0 + §A7“Du)\ + Ggsy " DLy,
1 - _
Ling = EGSS[DMS‘I’V’YM’YVLTﬁ + Dy SRy |
J T, o Sy S, 7
+5 DO YA+ Fpo Wy A + V2G g5 XINLY + X5PRN],

where

1.

D,W, = (vu 4 QZBM’)%) v,

1,
DA = (Y + 5iBus ) A
1
DL = (vu +T96D,S + 5z’BM) L . (5.9)

The composite Kéhler connection is

1

_ 1
= Z(K,SDMS— K,gDMS) —

S+S

It is gauge invariant in this model because the Kahler potential is invariant and Im(F') =

B (Buh — eA,) . (5.10)

£ = 0. One can now directly obtain the equations of motions for A, and h (without going
through those of S and S first), which are

VP 4+ 2eGg5(0"h —eA”) = eJ,
2V, (Ggg(0"h — eA?)) = V. J*, (5.11)
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where

(L + Lint)

JH = —
5A,

(5.12)

Applying %V,, one finds an expression which vanishes completely when the scalar equation
of motion is used. Thus there is no inconsistency in this model. This agrees with the general
consistency condition ([£.§) because we have a gauged shift symmetry with constant Killing
vectors and B, is gauge invariant. Therefore the fermions are invariant under the gauge
transformation, and the fermion terms in ({.§) which lead to inconsistency in other cases
are simply absent. Note that there are uncanceled triangle anomalies in V,J#, but they do
not affect consistency because V,J# is the source for the scalar field. A similiar situation
occurs in the model considered in [H].

This favorable result depends on the particular choice of Kéhler potential (f.4) which
is gauge invariant under the shift symmetry. A general Kahler transformation would lead
to a non-gauge invariant potential and thus a non-vanishing Im(F). By ([.11]) this would
signal that the theory is inconsistent. The resolution of this apparent problem is that one
need not require Kahler invariance in this model because the target space is topologically
trivial and the Kahler potential can be chosen to be gauge invariant. There is no need to
consider Kihler transformations which change the preferred form (f.4).

In other situations the absence of invariance under Kéahler transformations can lead to
severe problems. A class of examples are toroidal orbifold compactifications where modular
SL(2,Z) transformations of the background tori act on the moduli scalars as perturbatively
exact global symmetries. They leave the Kéahler potential only invariant up to Kahler
transformations. The cancellation of anomalies restricts the charged matter spectrum of
these models, as was for example studied in [[[d]. No such problem actually arises in the
present case. The symmetry S — S’ = —1/S of the target space SU(1,1)/U(1) looks
potentially dangerous since it leads to a Kahler potential not invariant under a shift of S’.
However, the inversion is not a symmetry of the full model because it is broken by the
D-term potential (5.7) induced by the fluxes. Thus, the choice of flux breaks the global
symmetry and no inconsistency arises.’

The problem of Kéhler anomalies can reemerge if one tries to “integrate out” the
scalar S replacing it with a constant background value. Then the D-term of (b.6) takes the
role of a constant Fayet—Iliopoulos coupling, since S is no longer dynamical. This is the
philosophy often adopted in the case of D-terms generated in the context of the Green—
Schwarz mechanism. The classic example is the Fayet—Iliopoulos coupling of Dine, Seiberg,
and Witten [R(]. After fixing S the issue of the consistency may need to be readdressed.'®

It is curious that if the gravitational degrees of freedom in the model of this section
are dropped and the field Re(S) = e? is frozen at a constant value, the model is essentially
the same as that considered in section 2 of [[I]. Gross and Jackiw found that the model
has an axial anomaly but is consistent. It is a model of a massive vector boson in which

9We would like to thank Jan Louis for this key observation.
10The question if S can be integrated out without breaking supersymmetry was discussed in [@]
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the anomaly induces a non-renormalizable term h e!?? Fjii F77. This shows that there are

models with triangle anomalies which are nevertheless consistent.

6. Discussion and conclusions

To summarize, we have shown that the structure of anomalies in gauged non-linear o-
models coupled to supergravity is richer and more intricate than often assumed in the
literature. This is mainly due to the fact that all fermions couple to the composite Kéahler
gauge connection B,,. This B, and its field strength B, depend on the scalar fields.
In addition to the usual gauge, gravitational, and o-model anomalies, B, appears in the
violation of gauge current conservation laws via one-loop triangle diagrams which threatens
to spoil the consistency of the theory.

The Kihler transformation K(z,2) — K(z,2) + f(2) + f(2) is at the root of the
anomaly and consistency issue. However, invariance under Kéhler transformations is not
necessarily required in a field theory model. We now clarify the conditions under which a
significant consistency problem occurs.

1. Suppose that the o-model target space 7 is topologically trivial, and there is a
Kahler potential which is invariant under the global and gauge symmetries of the
theory. Then there is a priori no need to go beyond this “preferred” K(z, z), and the
theory is consistent. This was the case in the flux model of section f| where only shift

symmetries were gauged.

2. If T is topologically non-trivial, then several coordinate charts O4 are required to
cover 7. The Kahler potential need not be a globally defined scalar on 7; rather there
is a K 4 on each chart such that in overlap regions O 4N Op, the potentials are related
by Ko — K = Fup, where Fap is holomorphic. The spaces CP" are examples. In
this case invariance under Kahler transformation does impose consistency conditions
on the supergravity model. Witten and Bagger [PJ] discussed important constraints
even in the absence of gauging of the isometries. In addition the Kahler anomalies
associated with the gauging which we have emphasized are also significant.

3. The two main situations analyzed in our paper are when K (z, Z) is not gauge invari-
ant, but changes by a Kihler transformation as in (R.6), and the case of a Fayet—
Tliopoulos coupling. In both cases the consistency condition ({.11]) of the theory
contains the extra term Im(F*)V,N" from ({§.12) where N is the Noether current
of the global axial symmetry. This is a challenge to the consistency of all gauged
supergravity theories where no gauge invariant Kéahler potential exists, such as CP",
and to many phenomenological models that make use of Fayet—Iliopoulos couplings.
Even when Im(F%) = 0 the consistency condition contains several new terms due to

By, in (E.15) which must eventually be canceled.

Conventional anomalies involve e#*P?F},, F},; and EWPURWATRPU)‘T. These structures ap-
pear in gauge current anomalies and lead to inconsistency unless cancelled. It is common
practice to attempt to cancel them by adding new fermions to the model. We have found
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new anomaly structures which involve scalar fields, and these can require new independent
cancellation conditions.

It is well known that to cancel one-loop anomalies it is possible to incorporate addi-
tional terms into a supergravity Lagrangian. This has been widely investigated in string
compactifications where anomaly cancellation in the effective four-dimensional theory is
very important. See e.g. [14, B3-R§. Let us briefly recall some aspects of the known
mechanisms which have been studied. A supergravity theory may contain non-minimal
field-dependent gauge kinetic functions f,;(z), which lead to the term

I (f(2)) "7 By ! by (6.1)

in the action. If fu,(2) is not invariant under gauge transformations, its variation con-
tributes to the current conservation in the same way as an anomalous triangle diagram. It
can cancel terms in the gauge current anomalies in ({.19) and (4.1§) which are quadratic
in Fg,. This is essentially a realization of the four-dimensional Green—Schwarz mechanism.

In [{] the anomaly cancellation conditions of supergravity models with gauge and
Kahler anomalies, and with Green—Schwarz mechanism will be analyzed in the limit of a flat
o-model target space. Essential steps to obtain the physically relevant anomalies involve
conversion of covariant anomalies into consistent anomalies and including all finite local
counter terms in the Lagrangian. The outcome shows the necessity of a Green—Schwarz
mechanism whenever the Kahler potential is not gauge invariant or Fayet—Iliopoulos cou-
plings are present.

Other possible counter terms based on superspace integrals were proposed in [4, Rj]
to cancel anomalies. These terms are non-local and of the form

1 1
P ﬁpgavaP, " By By =V"By, ... (6.2)

Their gauge variation is a local expression again of the same form as induced by triangle
anomalies with the respective gauge fields at the vertices. Although these terms have been
studied in several string compactifications, we are not aware of any example where all
anomaly structures found in our work were demonstrated to cancel.
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A. Some arguments on one-loop anomalies

In the complete supergravity Lagrangian certain interaction terms were neglected in the
derivation of anomalies. Here we show that there are no anomalous effect resulting from
the current J2 of (£.10).

We begin by discussing the gauge-fixing of the gravitino action assuming a flat space-
time background for simplicity. Let’s add a gauge-fixing term to the gravitino kinetic
Lagrangian which includes the B, connection, obtaining

1 _
L= 50" D0, + Uy Dy ep) (A.1)

In the vNV gauge 29, in which ¢ = —%, this becomes

1-
L= —Z\I/u’)/p’ny,/}/u\pr . (A.2)
The linear field redefinition [3(]
1
v, —=U,Y,, UZ:5Z_§7N7V’ URU, =6, (A.3)

takes us to the ultra-simple AGW gauge [Bl] Lagrangian
1 v
L= 5\11“7 Dy, . (A.4)
Using standard «-matrix identities the current can be written in terms of the new variable
v, as
ay _ _ QB_V fe% aa73 v \T g pa
Things simplify and there is little loss of generality if we study the situation in the truncated

Grimm-Louis model of section f| in which Ly® can be replaced by the single Majorana
spinor v and the total fermion current of the model is

1 e - - 5 _
J' = ———— ([ AV A+ UHAY T, — ————pyY J
45+S<775 + Uiy s Wy, (S+S)2¢775¢>+ int
1€ - —
Vo= 20 (VY 20, (U ~A*~PN) . A6

We look for possibly anomalous triangle diagrams for the 3-point function of currents
(JF(2)J"(y)JP(y)) in which the current Ji%' appears in at least one position. Among
diagrams with an internal v line (and no gauginos), one can rapidly see that the either
Wick contractions vanish or the diagrams have vanishing ~-matrix trace.

There are two non-vanishing one-loop diagrams involving two insertions of the gaugino
part of J% and an insertion of the gaugino and (gauge-fixed) gravitino axial currents. These
diagrams are complicated and a regulated calculation appears to be difficult. Therefore
we adopted another strategy, in which we generalize the Fujikawa analysis to include the
mixing of a gravitino and (abelian) gaugino in the Lagrangian

1. 1- -
L= §\IJ“VVDV\I/M + 5)\7”DV)\ + U P Fpeyt N, (A.7)
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with D, = 0, + %iB,,%. We then defined the operators Dy = DL and Dr = DR in which
D is the matrix operator

v af
p=( P Fesru) (A8)
Y apY D

It acts on (¥,,\)7 to the right and on (¥, ) to the left. Mode expansions lead to a
Jacobian in the Fujikawa method which is a generalization of that of sections 6.4 and 6.4.1

of [f] and reads .
In(J) = —2i/d4k ofz)e * 2y [f(m>*y5] etke (A.9)

The function f(DD/M?) is a smoothly decreasing function of the mode eigenvalues with
cutoff scale M?2. After shifting J) by the plane wave momentum k, and expanding in
powers of 1/M we find that potentially non-vanishing terms of order up to 1/M* exist.
In the standard calculation with ) instead of D one only has to evaluate the product /
D and extract the term (y*’F,5)? that has a non-vanishing trace with 5. Here it
becomes necessary to compute D* and consider many independent contributions. The
calculation is too tedious to report in detail. Suffice it to say that, by careful evaluation of
traces, we were able to show that all effects of the ¥, v#° F,,¥*\ mixing term vanish, and
the only contribution to the trace comes from the conventional terms (P)))2. The gauge
anomaly reduces (after inclusion of gravitino ghosts) to the well known anomaly of N' =1
supergravity coupled to one gauge multiplet.
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