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1. Introduction

This paper is devoted to the subject of Kähler anomalies in gauged N = 1, D = 4

supergravity theories. The subject is certainly not new, but we revisit it because gauged

supergravity appears as the effective four-dimensional theory in flux compactifications of

string theory and in recent applications of Fayet–Iliopoulos couplings.1 Kähler anomalies

are not always physically significant, but when they are the field equations of the theory

become inconsistent. The relation between anomalies and inconsistency is emphasized in

our work.

The models we consider contain the supergravity multiplet (ei
µ,Ψµ), coupled to gauge

multiplets (Aa
µ, λa) and chiral multiplets (zα, ψα). The dynamics of the chiral multiplets

is that of a non-linear σ-model whose target space is an n-dimensional Kähler manifold

called T . In these theories the (Majorana) gravitino covariant derivative contains both the

spin connection and a U(1) axial gauge connection, i.e.

DµΨν =
(

∂µ +
1

4
ωµijγ

ij +
1

2
iBµγ5

)

Ψν . (1.1)

1For early supergravity models in which the relevant structure appears see [1 – 3].
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The Kähler connection Bµ is typically a composite function of the scalars zα, zᾱ and the

elementary vectors Aa
µ. The structure of supergravity requires the Kähler connection to

couple to the gravitino and all other fermion fields.

The Kähler connection and the conventional axial couplings of the fundamental gauge

field Aa
µ lead to anomalies of gauge currents which we explore through their effects on the

consistency condition for gauge field equations of motion2

Dµ

a

Fµν =
a

Jν . (1.2)

The left side vanishes identically if one applies a further Dν ,

0 ≡ DνDµ

a

F
µν = Dν

a

J
ν , (1.3)

and the current must be conserved for consistency. If the classical action is gauge invari-

ant, then the current is conserved classically for field configurations which satisfy classical

equations of motion. But, as is very well known, fermion triangle anomalies, which yield

(schematically)

Dν

a

J
ν ∝ εµνρσ tr[

a

T FµνFρσ ] , (1.4)

spoil current conservation and consistency at the quantum level [4].

It is the consistency condition (1.3) that we study in supergravity models. By classical

manipulation we express DνJ
aν in terms of bilinear fermion currents, and we evaluate their

anomalies, using the Fujikawa method [5] to express results in terms of covariant anomalies.

The analysis is a quite complicated affair in the supergravity models, so we develop the

basic ideas in simpler truncated models in section 3 before applying them to the general

situation in section 4. This follows a review of gauged Kähler non-linear σ-models in section

2.

In section 5, we turn our attention to supergravity models which descend from flux

compactifications of superstring theory. We study a generic model with gauged shift sym-

metry and show that the field equations are consistent although there are uncanceled

triangle anomalies. The consistency problem is avoided because the Kähler potential is

shift invariant, and fermions couple only to the invariant Kähler connection.

The shift symmetry is special. In other models gauge current anomalies must be

canceled to maintain consistency. The question of anomaly cancellation in a class of models

which include Fayet–Iliopoulos couplings is investigated in a sequel to this paper [6]. For

this purpose, the covariant anomalies are reexpressed as consistent anomalies. Both finite

local counter terms and the Green–Schwarz mechanism are incorporated.

2. Kähler manifolds and holomorphic isometries

We begin by reviewing (and defining notation for) the local geometry of Kähler manifolds

and their continuous isometries. For more information, see [7 – 9]. We also discuss Kähler

anomalies in general terms.

2Gauge group indices are denoted by superscripts in the text and by “overscripts” in equations.
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The scalar fields are complex coordinates on T . They are denoted collectively by

zA, A = 1, . . . , 2n, which split into n holomorphic coordinates zα and n anti-holomorphic

zᾱ. The metric splits in the standard fashion

ds2 = GABdzAdzB = 2Gαβ̄dzαdzβ̄ , (2.1)

in which the metric tensor can be expressed as second derivative of the Kähler potential

K(z, z̄), viz.

Gαβ̄ = K,αβ̄ =
∂2

∂zα∂zβ̄
K(z, z̄) . (2.2)

We use a comma to denote partial derivatives, and a semi-colon for Kähler covariant deriva-

tives, e.g V α;β = V α,β +Γα
βγV γ . The only non-vanishing components of the Christoffel

connection ΓA
BC are the all-holomorphic Γα

βγ = Gαδ̄Gγδ̄,β and its complex conjugate Γᾱ
β̄γ̄

.

The curvature tensor RAB
C

D enjoys the usual symmetries, but the only non-vanishing

components are Rαβ̄
γ
δ = −Γγ

αδ,β̄ and those related by symmetry and complex conjugation.

It is significant that the metric Gαβ̄ does not change under Kähler transformations of

the potential

K(z, z̄) → K ′(z, z̄) = K(z, z̄) + f(z) + f̄(z̄) . (2.3)

In general the potential is not a global scalar, but is locally defined in each coordinate

chart, the definitions in overlapping charts related by a Kähler transformation. Most

terms in gauged supergravity Lagrangians are invariant under (2.3), but the Kähler con-

nection changes by Bµ → Bµ + ∂µIm(f(z)). Classically this can be compensated by an

axial gauge transformation of the fermions, e.g. Ψµ → exp(− i
2Im(f(z))γ5)Ψµ, but this

transformation is anomalous. This is the basic Kähler anomaly. It does not necessarily

make the theory inconsistent at the quantum level. In this paper we focus on situations in

which a gauge transformation of the bosonic fields induces the Kähler transformation (2.3).

The accompanying fermion gauge transformation is anomalous and the theory does become

inconsistent. We now review the machinery needed to implement gauge symmetry.

In our physical models gauge fields couple to holomorphic isometries of T . Each such

isometry is defined by a holomorphic Killing vector Xaα(z). There is a real scalar Killing

potential Da(z, z̄) related to each Xa
α by D,aα = −iXa

α. The holomorphic Killing vectors

satisfy Xa
α;β̄

+ Xa
β̄;α

= 0 and generate a Lie algebra via the Lie bracket relations

a

X
β

b

X
α,β −

b

X
β

a

X
α,β = fabc

c

X
α . (2.4)

We assume that this Lie algebra is a direct sum of a compact simple algebra and possible

U(1) subalgebras. The Killing potentials in the non-abelian simple sector are uniquely

defined by the requirement that they transform in the adjoint representation, i.e.

a

X
α

b

D,α +
a

X
ᾱ

b

D,ᾱ = fabc
c

D , (2.5)

while those in abelian factors are defined up to an additive integration constant, i.e.,

Da → Da + ξa, where ξa is a Fayet–Iliopoulos coupling in the physical context.
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The Killing vector relations above state the fact that the Kähler metric Gαβ̄ is invariant

under the isometry, and the connection and curvature tensor are also invariant. However,

it is important to note that the Kähler potential need not be invariant. It must satisfy

only the weaker condition

a

XαK,α +
a

X ᾱK,ᾱ =
a

F (z) +
a

F̄ (z̄) (2.6)

which implies that the metric is invariant. The holomorphic quantity F a(z) will play an

important role in our discussion. It is easy to show that Da and F a are related by

a

D = i(K,α
a

Xα −
a

F ) = −i(K,ᾱ
a

X ᾱ −
a

F̄ ) . (2.7)

Note that even in the case of an invariant Kähler potential (2.6) always leaves the freedom

to add an imaginary constant to F a. In the non-abelian case, the value of that constant

is fixed by imposing (2.5) while for an abelian isometry it reflects the freedom to add

a Fayet–Iliopoulos coupling ξa to the theory. Even when the Kähler potential is gauge

invariant and the right side of (2.6) vanishes, there are Kähler anomalies which threaten

the consistency of the supergravity theory if ξa = Im(F a) 6= 0.

In gauged supergravity all fermion fields couple to the composite Kähler connection

which is given by

Bµ =
1

2i

(

K,α Dµzα +
a

Aµ

a

F − K,ᾱ Dµzᾱ −
a

Aµ

a

F̄
)

=
1

2i

(

K,α ∂µzα − K,ᾱ ∂µzᾱ
)

+
a

Aµ

a

D .

(2.8)

It couples with gravitational strength and thus appears with coefficient κ2 which is set to

κ = 1 in the present notation. Under the gauge transformation

δzα =
a

θ
a

Xα , δzβ̄ =
a

θ
a

X β̄ , δ
a

Aµ = ∂µ

a

θ + fabc
b

Aµ

c

θ , (2.9)

one may show that Bµ transforms as an abelian gauge connection, that is

δBµ = ∂µ(
a

θ Im(
a

F )) . (2.10)

The mathematical background just described leads to the bosonic Lagrangian of the

non-linear σ-model on T
Lb = −Gαβ̄DµzαDµzβ̄ (2.11)

with covariant derivatives

Dµzα = ∂µzα −
a

Aµ

a

Xα , Dµzβ̄ = ∂µzβ̄ −
a

Aµ

a

X β̄ . (2.12)

The supersymmetric partners of the bosons are Weyl spinors which transform as tan-

gent vectors under holomorphic diffeomorphisms of T . We write these as 4-component

spinors with chiral projectors L,R = (1∓ γ5)/2. Thus a chiral multiplet consists of the set

(zα, Lψα), while an anti-chiral multiplet is (zβ̄ , ψ̄β̄R). The fermion kinetic Lagrangian is

Lf = Gαβ̄ψ̄β̄γµDµLψα = − Gαβ̄(Dµψ̄β̄R)γµψα (2.13)
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with covariant derivatives3

DµLψα = (∂µδα
β + Γα

βγ∂µzγ −
a

Aµ

a

Xα;β )Lψβ ,

Dµψ̄β̄R = (∂µδβ̄
γ̄ + Γβ̄

γ̄δ̄
∂µz̄δ̄ −

a

Aµ

a

X
β̄;γ̄ )ψ̄γ̄R . (2.14)

It is a useful exercise to show that under the gauge transformations of (2.9) for the bosons

and

δLψα =
a

θ
a

X
α,β Lψβ , (2.15)

for fermions the covariant derivatives transform as (holomorphic components of) tangent

vectors, i.e.

δDµzα =
a

θ
a

X
α,β Dµzβ , δDµLψα =

a

θ
a

X
α,β DµLψβ . (2.16)

3. Anomalies and Inconsistency

In this section we will derive the consistency condition in a succession of models which

gradually incorporate the features of the full gauged supergravity models which we tackle

in section 4. It is worth stating our strategy in general terms before embarking on the

detailed analysis.

3.1 The strategy

The models considered include gauge fields Aa
µ, scalars zα, zᾱ of a Kähler σ-model, and

fermions (the gravitino, gauginos and chiral fermions) which we temporarily denote by ψ.

The gauge current in all models is defined by

a

J
ρ ≡ −

δ(L + 1
4F b

µνF bµν)

δAaρ
=

a

J
ρ
b +

a

J
ρ
f (3.1)

and is the sum of a purely bosonic term Jaν
b and a term Jaν

f involving the fermions.

The gauge field satisfies the Yang-Mills equation (1.2) and the consistency condition (1.3)

requires conservation of the full current, i.e.

Dν(
a

Jν
b +

a

Jν
f ) = 0 . (3.2)

One way to isolate the anomalous fermion terms in the divergence of the current is to use

the scalar equations of motion (which include fermion terms) to evaluate DνJ
aν in (3.2).

However, this process is rather complicated in the context of the gauged σ-model, and it

can be bypassed as we now describe.

In any gauge invariant model there is a functional identity which expresses the gauge

invariance at the classical level, namely

a

θ (x)
[

Dν

a

Jν +
a

Xα δL
δzα

+
a

X β̄ δL
δzβ̄

+
a

δ ψ̄
δL
δψ̄

]

≡ 0 , (3.3)

3The Kähler connection Bµ will be included in later sections. The Lagrangian of the supersymmetric

σ-model [10] includes another term 1
4
Rαβ̄γδ̄(ψ̄

αLψγ)(ψ̄β̄Rψδ̄) and a Yukawa coupling to gauginos. We

will discuss this quartic term in footnote 5, and the Yukawa coupling will be included in the supergravity

analysis.
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in which the gauge variations of the bosons of (2.9) appear and gauge variations of all the

fermions are symbolically denoted by δaψ. As is very well known, this gauge identity tells

us that, no matter how complicated the model, Dν Jaν vanishes classically if all charged

fields satisfy their equations of motion. It may also be interpreted as the statement that, if

the scalar equations of motion are satisfied, the functional form of Dν Jaν is the negative

of the fermion gauge variation of the Lagrangian. The consistency condition (1.3) may be

viewed as a cancellation condition for the correction to the gauge identity due to anomalies.

3.2 A model with gauginos

We now apply the strategy just outlined to derive the consistency condition for a model

which incorporates some features of gauged supergravity theories. The model contains a

(non-abelian) gauge field coupled to complex scalars zα which determine a gauged non-

linear σ-model whose target space is the n-dimensional Kähler manifold T and to Majorana

fermions λa in the adjoint representation of the gauged isometry group G. Since we leave

out the chiral fermions, the superpartners of the zα, this model is not supersymmetric. Its

Lagrangian density is

L = −1

4

a

Fµν

a

F
µν − Gαβ̄DµzαDµzβ̄ +

1

2

a

λ̄ γµDµ

a

λ . (3.4)

The boson covariant derivatives are given in (2.12), while the fermion covariant derivative

Dµ

a

λ = ∂µ

a

λ + fabc
b

Aµ

c

λ +
1

2
iBµγ5

a

λ (3.5)

includes both the expected elementary connection and the composite Kähler connection

Bµ defined in (2.8). We include Bµ in the present non-gravitational model to illustrate the

important role it plays in the anomaly analysis.

The Lagrangian (3.4) is gauge invariant under the transformations of (2.15) for bosonic

fields and

δ
a

λ = fabc
b

λ
c

θ − 1

2
i

b

θ Im(
b

F )γ5

a

λ (3.6)

for the fermions. It also has the global axial symmetry δλa = iαγ5λ
a with Noether current

Nµ = − i

2

a

λ̄ γµγ5

a

λ . (3.7)

Although we do not need the explicit form of the equations of motion, we record them for

completeness. One can write the gauge field equation as

Dµ

a

Fµν =
a

Jν ≡ −δ(L + 1
4F b

ρσF bρσ)

δAa
ν

= −GAB

a

XADνzB +
a
jν +

1

2

a

D Nν (3.8)

with the adjoint gauge current jaν = 1
2fabcλ̄bγνλc. The equation for the scalar zα is

DνDνzα = −1

2
i
(

NνDνzα +
1

2
Gαβ̄K,β̄ ∂νNν

)

. (3.9)

– 6 –
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The left sides of these equations contain the gauge covariant harmonic map operator

DνDνzα ≡ (∂νδα
β + Γα

βγ∂νzγ − Aaν Xaα;β )Dνzβ. The equation for zᾱ is the complex

conjugate of (3.9).

To derive the consistency condition we insert the Dirac conjugate of the fermion gauge

variation (3.6) in the gauge identity (3.3), assuming, of course, that (3.9) is satisfied. After

some index shuffling, we obtain

a

θ Dν

a

J
ν =

a

θ
[

fabc
b

λ̄ γµDµ

c

λ +
1

2
i Im(

a

F )
b

λ̄ γ5γ
µDµ

b

λ
]

. (3.10)

Note that the Bµ connection cancels in Dµλb due to the symmetry properties of Majorana

bilinears. The Majorana properties also allow us to extract Dµ as a total gauge covariant

derivative. Then dropping the overall factor of θa, we can express the consistency condition

as

0 = Dν

a

J
ν = Dν

a

jν +
1

2
Im(

a

F )∂νN
ν . (3.11)

The currents Nν and jaν are conserved classically, so we would obtain the identity 0 = 0

reflecting the classical gauge invariance of the theory. The advantage of the consistency

condition (3.11) is that it enables us to bring in the quantum level violation of gauge

invariance due to the anomaly.

3.3 The axial anomaly with gauginos

The anomalous contribution of (3.11) may be calculated by the method of Fujikawa in which

we consider the change in the fermion measure in the path integral due to the changes of

variable δλa = iα(x)γ5λ
a and δλa = fabcλbθc(x). In order to minimize repetition of well

known material we will give only brief discussion and refer readers to the monograph of

Fujikawa and Suzuki [5]. Results for the several cases of anomalies needed in this paper

can be obtained by modification of the appropriate sections of [5]. All results are stated in

terms of the covariant anomaly.

In particular the anomalous divergence ∂νNν in our model may be obtained by rewrit-

ing the Majorana kinetic action in terms of Weyl spinors and using sections 6.4 and 6.4.1

of [5]. Fermion mode functions are defined to satisfy

/DR /DL

a

φn = −ρ2
n

a

φn (3.12)

with

ab

/DL = γµ
ab

DµL = γµ
[

(∂µ − 1

2
iBµ)δab − fabc

c

Aµ

]

L ,

ab

/DR = −
ab

/D†
L = γµ

[

(∂µ − 1

2
iBµ)δab − fabc

c

Aµ

]

R . (3.13)

Note that

/DR /DL =
[

DµDµ +
1

2
γµνFµν

]

L , (3.14)
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in which Fab
µν is the field strength of the full connection in (3.13), namely

ab

Fµν = −fabc
c

Fµν − 1

2
iBµνδab ,

c

Fµν = ∂µ

c

Aν − ∂ν

c

Aµ + f cde
d

Aµ

e

Aν , Bµν = ∂µBν − ∂νBµ . (3.15)

The anomaly of the Noether current Nµ of δλa = iα(x)γ5λ
a is

〈∂νNν〉 = − 1

32π2
εµνρσ

ab

Fµν

ba

Fρσ =
1

32π2
εµνρσ

[

C2(G) f bµν
f bρσ +

1

4
nλBµνBρσ

]

, (3.16)

where nλ = dim(G) is the total number of gauginos and C2(G)δab = facdf bcd is the adjoint

Casimir operator. The vector current is also anomalous here because it couples to the Bµ

connection. Its anomaly is

〈Dν

a
j ν〉 =

i

32π2
εµνρσfabc

cd

Fµν

db

Fρσ =
1

32π2
C2(G)εµνρσ

a

FµνBρσ . (3.17)

Combining (3.16), (3.17), and (3.11), we find that the “inconsistency condition” of the

model reads

0 =
1

2
Im(

a

F ) εµνρσ
[

C2(G) f bµν
f bρσ +

1

4
nλBµνBρσ

]

+ C2(G)εµνρσ
a

FµνBρσ . (3.18)

The model appears to be fatally inconsistent since the coefficients of all three terms on

the right-hand-side have to vanish. We will discuss in [6] the possibility that parts of the

anomaly may be removed by adding local non-gauge invariant polynomials in the gauge

potential and the Kähler connection to the classical action. However, it will turn out that

no such counter terms exist to remove the term involving BµνBρσ. Therefore, the model

is indeed inconsistent unless the Kähler potential is gauge invariant.

3.4 Models with chiral fermions

We now analyze another model in similar fashion, a model in which the non-abelian gauge

field is coupled both to the bosons and fermions of the Kähler manifold σ-model. The

features of both models discussed in this section, and more, will be combined to treat the

general gauged supergravity model in section 4. The Lagrangian of this model is

L = −1

4

a

Fµν

a

Fµν − Gαβ̄DµzαDµzβ̄ + Gαβ̄ψ̄β̄γµDµLψα (3.19)

with fermion covariant derivative4

DµLψα =
(

∂µδα
β + Γα

βγ∂µzγ −
a

Aµ

a

Xα;β +
1

2
iBµδα

β

)

Lψβ . (3.20)

The Lagrangian is gauge invariant if the boson transformations of (2.15) are combined with

δLψα =
a

θ
( a

Xα,β Lψβ − i

2
Im(

a

F )Lψα
)

, (3.21)

4Note that Bµ couples to Lψα and Lλa with opposite sign.
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and there is a global axial symmetry δLψα = iαLψα with Noether current

Nµ = −iGαβ̄ψ̄β̄γµLψα . (3.22)

The gauge field equation is

Dµ

a

Fµν =
a

Jν ≡ −
δ(L + 1

4F b
ρσF bρσ)

δAa
ν

=
a

Jν
b +

a

Jν
f +

1

2

a

D Nν ,

a

J
ν
b = −Gαβ̄

( a

X
αDνzβ̄ +

a

X
β̄Dνzα

)

,
a

J
ν
f =

a

X β̄;αψ̄β̄γνLψα , (3.23)

and the scalar equations are

δL
δzγ̄

= 0 = Gαγ̄DµDµzα + Rδβ̄αγ̄Dνzδ(ψ̄β̄γνLψα) (3.24)

+Gαβ̄,γ̄ψ̄β̄γµDµLψα +
i

2
Gδγ̄DµzδNµ +

i

4
K,γ̄ ∂µNµ ,

δL
δzγ

= 0 = Gγβ̄DµDµzβ̄ − Rδ̄αβ̄γDνz
δ̄(ψ̄β̄γνLψα) (3.25)

+Gαβ̄,γψ̄β̄γµDµLψα − i

2
Gγβ̄Dµzβ̄Nµ − i

4
K,γ ∂µNµ − Gδβ̄Γδ

αγDµ(ψ̄β̄γµLψα) .

Note that Rγ̄βᾱδ = Rγ̄δᾱβ. The second equation becomes the conjugate of the first after

applying the covariant divergence to the fermions in the last term of (3.25).

It is a very intricate task (which we have done) to derive the consistency condition

for this model by combining equations of motion. The complicated scalar field equations

are indicative of the difficulty. It is far simpler to use the gauge identity (3.3). For this

we simply need the fermion gauge variation of the Lagrangian, using both δLψα in (3.21)

and its conjugate δψ̄β̄R. After dropping the common factor θa, the gauge identity can be

written immediately as the consistency condition5

Dν

a

J
ν =−Gαβ̄

[( a

X
β̄,γ̄+

i

2
Im(

a

F )δβ̄
γ̄

)

ψ̄γ̄γµDµLψα −
( a

X
α,γ −

i

2
Im(

a

F )δα
γ

)

(Dµψ̄β̄R)γµψγ
]

.

(3.26)

The non-covariant terms in this expression originate in the fact that σ-model fermions

transform under gauge variations as tangent vectors on the target space and thus carry the

non-covariant factor Xaα,β. The result (3.26) may be rearranged to read

0 = Dν

a

J
ν =

1

2

(

Gγβ̄

a

X
γ ,α −Gαγ̄

a

X
γ̄ ,β̄

)

Dν(ψ̄
β̄γνLψα) +

1

2
Im(

a

F )∂νNν (3.27)

−1

2

(

Gγβ̄

a

X
γ ,α +Gαγ̄

a

X
γ̄ ,β̄

)

(ψ̄β̄γµDµLψα − (Dµψ̄β̄)γµLψα) .

We are again in a situation in which the consistency condition would be satisfied if the

classical fermion field equations are used, but the form of the right side allows us to probe

5 Suppose that we modify the model by adding the quartic Rψ4 term in footnote 3 that is part of the

supersymmetric non-linear σ-model and repeat the analysis. The consistency condition would be modified

by the fermion gauge variation of the quartic term. We will assume that this does not modify the anomalies

and leave this complication aside.
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possible quantum anomalies. Indeed, the anomalies of Dν(ψ̄β̄γνLψα) and ∂νN
ν will be

obtained in the next section. One might suspect an anomalous one-loop contribution from

the fermion bilinear in the last term of (3.27) because this term resembles the trace of a

fermion stress tensor. However, we have checked that the contributing Feynman diagrams

conform to the trace anomaly calculation of [11] and cancel.6

3.5 The axial anomaly with chiral fermions

The first two of the three terms of (3.27) contain quantum anomalies whose calculation

can be modeled on that of section 6.4 of [5]. To adapt the treatment of section 6.4 to the

situation of the non-linear σ-model we introduce frames on the target space T via

ds2 = 2Gαβ̄dzαdzβ̄ = 2δi̄e
i
αdzαe̄

β̄
dzβ̄ (3.28)

and use the frame basis to reexpress the σ-model fermions as

Lψα = eα
i Lψi , ψ̄β̄R = eβ̄

̄ ψ̄̄R , (3.29)

where eα
i , eβ̄

̄ are inverse frames. The fermion kinetic Lagrangian of our model can be

rewritten in the frame basis as

Gαβ̄ψ̄β̄γµDµLψα = ψ̄iγ
µDµLψi (3.30)

with

ψ̄iR = δi̄ψ̄
̄R ,

a

X
i;j = ei

α

a

X
α;β eβ

j , Ωi
Cj = ei

βeβ
j,C + ei

αΓα
βCeβ

j ,

Di
µjLψj =

[

(∂µ +
1

2
iBµ)δi

j + Ωi
Cj∂µzC −

a

Aµ

a

X
i;j

]

Lψj . (3.31)

The 2n-valued index C appears because the Kähler spin connection couples to both ∂µzγ

and ∂µzγ̄ .

As discussed in [13], the fermions ψi are sections of a holomorphic vector bundle on

T with structure group U(n). The new fermion kinetic term (3.30) is separately invariant

under diffeomorphisms of T and unitary transformations of the frame and fermion fields,

viz.

ei
α → U i

je
j
α , eiᾱ = δīıe

ı̄
ᾱ → ejᾱU †j

i ,

ψi → U i
jψ

j , ψ̄i → ψ̄jU
†j
i , (3.32)

where U i
j(z, z̄) is a unitary matrix. This means that we can apply the discussion of section

6.4 of [5] quite directly and obtain the anomalous response to the transformation (3.32) of

the fermion fields in the path integral measure. For this purpose we introduce a standard

basis of generators T ai
j , with a = 0, 1, . . . , n2 − 1, of the fundamental representation of

6This is also described in section 19.5 and figure 19.10 of [12]. The trace anomaly in Yang-Mills theory

comes from another diagram, not present in our case, involving the gauge field stress tensor and fermion

vacuum polarization.
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U(n), normalized by tr(T aT b) = 1
2δab, and write U = exp(iαaT a). The U(1) generator is

T 0i
j = δi

j/
√

2n.

Following [5], we expand the field ψi in mode functions φi
n which satisfy (3.12), but

with the new operator

(/DL)ij = γµDi
µjL (3.33)

and Di
µj given in (3.31). The relation (3.14) holds with field strength (see also [14])

F i
µνj = RAB

i
jDµzADνzB −

a

Fµν

a

Xi;j +
1

2
iBµνδi

j ,

RAB
i
j = Ωi

Aj,B + Ωi
AlΩ

l
Bj − Ωi

Bj,A − Ωi
BlΩ

l
Aj . (3.34)

It then follows from sections 6.4.1 and 6.4.2 of [5] that the anomalous Jacobian J(αaT a)

of the path integral measure is

ln J(
a
α

a

T ) =
i

32π2

∫

d4x
a
α(x)εµνρσtr(

a

T FµνFρσ) . (3.35)

The anomalous conservation law of the U(n) current is

〈Dν(ψ̄i

a

T i
jγ

µLψj)〉 =
i

32π2
εµνρσtr(

a

T FµνFρσ) . (3.36)

We now relate this result to the anomalous divergence in (3.27) by expressing that current

in the frame basis and using the completeness relation of the matrices T a, namely

a

T
i
j

a

T
k
l = δi

lδ
k
j , (3.37)

to write

〈Dν(ψ̄βγνLψα)〉 = ej
βeα

i

a

T
i
j〈Dν(ψ̄

a

T γνψ)〉

=
i

32π2
ej
βeα

i

a

T
i
j

a

T
k
l ε

µνρσF l
µνmFm

ρσk

=
i

32π2
εµνρσFα

µνγFγ
ρσβ . (3.38)

In the last line we converted the field strength to the coordinate basis of T in which

Fα
µνβ = Rγδ̄

α
β(DµzγDνz

δ̄ − DνzγDµzδ̄) −
a

Fµν

a

X
α;β +

i

2
Bµνδα

β . (3.39)

The inconsistency condition then reads

0 = 〈Dν

a

J
ν〉 = − 1

32π2

[

Gβγ̄
a

Y αγ̄ − 1

2
Im(

a

F )δβ
α

]

εµνρσFα
µνγFγ

ρσβ , (3.40)

in which we use the abbreviation

a

Y αβ̄ =
1

2i

(

Gγβ̄

a

Xγ ,α −Gαγ̄

a

X γ̄ ,β̄

)

. (3.41)

When the field strength (3.39) is inserted in (3.40) one finds a rather complex but correct

expression for the anomaly. Even when Im(F a) = 0 the anomaly contains new terms due

to the presence of Bµν in (3.39).
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3.6 An example: CP
1

It is useful to treat a specific example which has the features of the general σ-model

discussed in section 3.3, yet is simple enough that one can obtain the consistency condition

without the full geometrical baggage. Therefore we outline briefly the case of the target

space CP
1. The isometry group is SU(2) with three holomorphic Killing vectors Xaα(z),

a = 1, 2, 3. The Kähler potential, however, is not invariant under SU(2). Thus Im(F a(z)) 6=
0, and Kähler anomalies play a role in the consistency conditions. To analyze this model

we need the Kähler potential, metric, and connection

K = ln(1 + zz̄) , Gzz̄ = (1 + zz̄)−2 , Γz
zz = −2z̄(1 + zz̄)−1 , (3.42)

and the Killing vectors and D-terms

1
X

z = − i

2
(1 − z2) ,

1
D =

1

2

z + z̄

1 + zz̄
,

2
X

z =
1

2
(1 + z2) ,

2
D = − i

2

z − z̄

1 + zz̄
,

3
Xz = − iz ,

3
D = − 1

2

1 − zz̄

1 + zz̄
. (3.43)

This leads to
1
F =

i

2
z ,

2
F =

1

2
z ,

3
F = − i

2
. (3.44)

Note that the Kähler potential is in fact invariant under the third isometry X3z, but still

Im(F 3) 6= 0. Due to (2.5) it is fixed to the non-vanishing constant value above.

We consider the CP
1 σ-model, with a chiral fermion, and with the full SU(2) sym-

metry group gauged. However, to simplify the equations, we set the gauge fields A1
µ and

A2
µ to zero7 and focus on the inconsistency related to X3z . Similar results would be ob-

tained for the other two isometries. We also leave out the gauginos. In this model the

Lagrangian (3.19) becomes:

L = −1

4

3
Fµν

3
F

µν − 1

(1 + zz̄)2

[

(∂µ − i
3
Aµ)z̄(∂µ + i

3
A

µ)z

−ψ̄γµ
(

∂µ − 2z̄∂µz

1 + zz̄
+ i

1 − zz̄

1 + zz̄

3
Aµ +

1

2
iBµ

)

Lψ
]

,

Bµ =
Im(z̄∂µz) − 1

2(1 − zz̄)A3
µ

1 + zz̄
. (3.45)

It is now straightforward to obtain by direct calculation, ignoring the geometrical origin of

the terms in (3.45), the consistency condition

0 = −Dµ
δL
δA3

µ

− iz
δL
δz

+ iz̄
δL
δz̄

=

− i

(1 + zz̄)2
Dν(ψ̄γνLψ) − 1

4
∂ν

[

− i

(1 + zz̄)2
ψ̄γνLψ

]

, (3.46)

7If we were to gauge only the U(1) referring to X3z then the constant Im(F 3) would be arbitrary and

interpreted as the Fayet–Iliopoulos coupling. In particular we would have the freedom to set F 3 = 0, since

the Kähler potential is invariant.
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where Dµ is the full σ-model covariant derivative. This result can be compared with the

general expression (3.40). The first term reproduces Y 3
αβ̄

= −Gαβ̄ , the second Im(F 3) =

−1/2. In this simple model the two terms in the last line of (3.46) are proportional, so we

get

0 = −3

4
∂νN

ν , (3.47)

as a special case of (3.40), with the U(1) axial current

Nν = − i

(1 + zz̄)2
ψ̄γνLψ . (3.48)

The axial anomaly is

〈∂νNν〉 =
1

32π2
εµνρσFµνFρσ , (3.49)

in which Fµν is the field strength of the connection in (3.45), namely

Fµν =
2

(1 + zz̄)2
(DµzDν z̄ − DνzDµz̄) + i

1 − zz̄

1 + zz̄

3
Fµν +

1

2
iBµν . (3.50)

This agrees with (3.39) in the CP
1 model.

4. The general gauged supergravity model

The supersymmetric σ-model coupled to supergravity includes the gravitino and various

coupling terms in addition to the terms studied in the previous sections. The action is

S[ei
µ,

a

Aµ, zα, zβ̄ , ψα, ψ̄β̄ ,
a

λ ,Ψµ] =

∫

d4xdet(ei
µ)LSG , (4.1)

with Lagrangian density (in conventions similar to those of [15])

LSG = Lb + Lf + Lint + quartic terms (4.2)

with

Lb =
1

2
R − 1

4

a

Fµν

a

F
µν − 1

2

a

D
a

D − Gαβ̄DµzαDµzβ̄ , (4.3)

Lf =
1

2
Ψ̄µγµνρDνΨρ +

1

2

a

λ̄ γµDµ

a

λ + Gαβ̄ψ̄β̄γµDµLψα ,

Lint =
1√
2
Gαβ̄ [Dµzβ̄Ψ̄νγ

µγνLψα + Dµzαψ̄β̄RγνγµΨν]

+
1

2

a

D Ψ̄µγµγ5

a

λ +
a

FρσΨ̄µγρσγµ
a

λ +
√

2Gαβ̄ [
a

Xβ̄
a

λ̄ Lψα +
a

Xαψ̄β̄R
a

λ ] .

We omit the complicated set of four-fermion terms, see [15], but our argument includes

their effects, see also the footnotes 3 and 5. We assume there is no superpotential and

minimal (i.e. field independent) gauge kinetic functions to simplify the discussion. The

gravitino covariant derivative is defined as

DµΨν =
(

∇µ +
1

2
iBµγ5

)

Ψν =
(

∂µ +
1

4
ωµijγ

ij +
1

2
iBµγ5

)

Ψν , (4.4)
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in which ∇µ includes the spin connection. Covariant derivatives of the matter fields were

given previously in (2.12), (3.5), (3.20). One must replace ∂µ −→ ∇µ in (3.20) and (3.5).

Note that the composite Kähler connection (2.8) couples to all fermions.

The model has a global U(1)R axial symmetry with transformations

δLψα = iαLψα , δ
a

λ = iαγ5

a

λ , δΨµ = iαγ5Ψµ (4.5)

and Noether current

Nµ = − i

2

[

2Gαβ̄ψ̄β̄γµLψα +
a

λ̄ γµγ5

a

λ + Ψ̄ργ
ρµνγ5Ψν

]

. (4.6)

It is an R-symmetry since zα is neutral while Lψα, Lλa, and LΨµ have charges −1,+1,+1,

respectively. The U(1)R symmetry is effectively gauged by Bµ. There is also a gauge

symmetry with parameters θa(x) with δAa
µ = Dµθa. For the gauge variation of other fields

we use the notation δ = θaδa. We then have

a

δ zα =
a

X
α ,

a

δ zβ̄ =
a

X
β̄ ,

a

δ Lψα =
a

X
α,β Lψβ − i

2
Im(

a

F )Lψα ,
a

δ ψ̄β̄R =
a

X
β̄,γ̄ ψ̄γ̄R +

i

2
Im(

a

F )ψ̄β̄R ,

b

δ
a

λ = −fabcλc − i

2
Im(f b)γ5λ

a ,
a

δ Ψµ = − i

2
Im(

a

F )γ5Ψµ . (4.7)

Holomorphic Killing vectors Xaα(z), Xaβ̄(z̄) and the holomorphic function F a(z) induced

by a gauge transformation of the Kähler potential were discussed in section 2. The gauge

invariance of the theory is expressed by the identity

δLSG = 0 =
a

θ (x)
[

− Dν
δLSG

δAa
ν

+
a

X
α δLSG

δzα
+

a

X
β̄ δLSG

δzβ̄
(4.8)

+
a

δ ψ̄β̄R
δLSG

δψ̄β̄
+

δLSG

δψα

a

δ Lψα +
a

δ
b

λ̄
δLSG

δλ̄b
+

a

δ Ψ̄ρ
δLSG

δΨ̄ρ

]

which is the same as (3.3) applied to the general supergravity Lagrangian. The gauge field

equation of the model reads

Dµ

a

F
µν =

a

J
ν ≡ −

δ(L + 1
4F b

µνF bµν)

δAa
ν

=
a

J
ν
b +

a

J
ν
f +

a

jν +
1

2

a

D Nν +
a

J
ν
int . (4.9)

with Ja
b and Ja

f defined in (3.23), jaν = 1
2fabcλ̄bγνλc and

a

Jν
int = −δLint

δAa
ν

=
1√
2
Gαβ̄

[ a

X
β̄Ψ̄ργ

νγρLψα +
a

X
αψ̄β̄RγργνΨρ

]

+ 2Dµ(Ψ̄ργ
µνγρ

a

λ ) . (4.10)

To derive the consistency condition we now follow the same strategy as above. Assuming

that the gauge variation of the action from varying bosons vanishes by the scalar equations
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of motion, the consistency condition arises from the fermion variations. The supergravity

generalization of the expressions obtained earlier for only gauginos in (3.11) and for only

chiral fermions in (3.27) turns out to be

0 = 〈∇ν

a

J ν〉 = i
a

Y αβ̄〈∇ν(ψ̄
β̄γνLψα)〉 + 〈∇µ

a

j µ〉 +
1

2
Im(

a

F )〈∇νNν〉 , (4.11)

in which the ∇ν derivative carries appropriate space-time, target space and gauge connec-

tions, and 〈. . .〉 again indicates just the anomalous divergences of the currents. Comparing

with (4.9), we have dropped the divergence of Jaν
int. As we argue in the appendix, this does

not affect the anomaly. The condition (4.11) is the central result of our analysis.

The proper Kähler anomaly, proportional to Im(F a), is the third term of (4.11). The

anomaly has contributions from gauginos as in (3.16), from chiral fermions, as can be

inferred from (3.40), and from the gravitino. The gravitino gauge anomaly is 3 times that

of a gaugino, but coupled only through the Kähler connection in (4.4). We obtain

〈∇νN
ν〉gauge =

1

32π2
εµνρσ

[

C2(G)
a

Fµν

a

F ρσ +
nλ + 3

4
BµνBµν + Cµνρσ

]

. (4.12)

To write the contribution of the chiral fermions we first define

Σα
µνβ = Rγδ̄

α
β(DµzγDνz

δ̄ − DνzγDµzδ̄) , (4.13)

which is essentially the target space curvature tensor pulled back to spacetime. Using this

we form

Cµνρσ = Σα
µνβΣβ

ρσα +
a

Fµν
f bρσ

a

X
α;β

b

X
β ;α −1

4
nψBµνBρσ

−i
a

FµνBρσ

a

X
α;α −2

a

FµνΣβ
ρσα

a

X
α;β +iΣα

µναBρσ . (4.14)

The anomaly of the gaugino current jaµ in the second term of (4.11) is identical to the

truncated model of section 3.3 given in (3.17). The contribution of the chiral fermions to

the first term in (4.11) is

a

Y αβ̄〈∇ν(ψ̄
β̄γνLψα)〉gauge =

i

32π2
εµνρσGβδ̄

a

Y αδ̄

[

Σα
µνγΣγ

ρσβ + f bµν

c

F ρσ

b

X
α;γ

c

X
γ ;β (4.15)

−1

4
BµνBρσδα

β − i f bµνBρσ

b

X
α;β +iΣα

µνβBρσ − f bµν

(

Σα
ρσγ

b

X
γ ;β +Σγ

ρσβ

b

X
α;γ

)]

.

In the case of a flat target space T = C
nψ and a linear realization of gauge symmetry, the

Killing vector derivative reduces to constants, Xaα;β = Xaα,β → T aα
β, a matrix generator

of the gauge group G. In this case the second term of (4.15) reduces to the conventional

cubic gauge anomaly of the chiral fermions.

The gravitational anomaly is more conventional. See chapter 10 of [5], for example, for

spin 1
2 fields. The contribution of the gravitino to the anomaly of the Noether current is

−21 times that of a gaugino. The gaugino current jaµ itself has no gravitational anomaly.

The complete result is given by

〈∇νN
ν〉grav = − 1

768π2
(nλ − 21 − nψ) εµνρσRµνξτRρσ

ξτ ,

a

Y αβ̄〈∇ν(ψ̄β̄γνLψα)〉grav = − i

768π2

a

Y αβ̄Gαβ̄ εµνρσRµνξτRρσ
ξτ . (4.16)
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One can see that the gauge anomaly is very complicated. As a general observation, it is

not possible to cancel the coefficient nλ + 3 − nψ of BµνBρσ in (4.12) and (4.14) for the

gauge anomaly and the gravitational anomaly in (4.16) at the same time by adjusting nλ

and nψ.

If Im(F a) = 0, then the ∂νNν anomaly is absent. However, there are still several new

terms involving Bµν which can affect the consistency of the model. Anomaly cancellation

will be studied in [6] with emphasis on the case of a flat target space.

5. Flux compactifications: gauged shift symmetries

In this section we apply the general formalism developed earlier to a supergravity model

with a gauged shift symmetry. This form of gauge symmetry arises naturally in compact-

ifications of ten-dimensional supergravity or string theory with background fluxes for the

p-form field strengths along the internal directions [16]. Specifically, we will use a trunca-

tion of the N = 1 flux vacuum model found in [17]. Similar structures also occur in models

with gauged N = 4 supersymmetry [18]. In the latter case one deals with a toroidal

flux compactification. The gauging of shift symmetries is evident from the dimensional

reduction of the type IIB 5-form, schematically8

1

5
F

(5)
MNOPR = ∂µC(4)

nopr + 2C
(2)
µ[nH

(3)
opr] − 2B

(2)
µ[nF

(3)
opr] . (5.1)

The kinetic term for the scalars C
(4)
nopr in the four-dimensional Lagrangian then contains a

coupling to the vector bosons C
(2)
µn and B

(2)
µn , and the coupling constants are given by the

values of the 3-form fluxes F
(3)
opr and H

(3)
opr. The vectors thus gauge the shift symmetries of

the scalars whenever fluxes are present.

In N = 1 supersymmetric Calabi-Yau flux compactifications a similar gauging arises.

The truncated model we will discuss includes an abelian vector multiplet with fields (Aµ, λ)

and one chiral multiplet with (Lψ,S = eφ + ih). In [17] there are several abelian gauge

fields Ai
µ which arise from the reduction of the RR 4-form along 3-cycles of a Calabi-Yau

manifold. They couple to scalars of chiral multiplets with charges ei determined by flux

quantum numbers. The scalar S which we retain in our truncation is the universal scalar

of the string compactification. It involves the string coupling and the RR axion h. It

parameterizes the well known non-compact SU(1, 1)/U(1) manifold. Scalars and vectors

couple through the covariant derivative DµS = ∂µeφ + i(∂µh− eAµ). The gauge symmetry

is thus the shift symmetry

δh = θ(x) , δφ = 0 , δAµ =
1

e
∂µθ(x) . (5.2)

The corresponding Killing vectors are imaginary constants and read

XS = −X S̄ = ie . (5.3)

8The indices are M, N, . . . for ten dimensions, m, n, . . . for internal six dimensions and µ, ν, . . . for four

dimensions. The C(p) are RR p-forms with field strengths F (p+1), B(2) the NSNS 2-form with field strength

H(3).
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The Kähler potential, which is gauge invariant in this model, is

K = − ln(S + S̄) . (5.4)

The abelian gaugino λ is always gauge invariant, and the chiral fermion ψ is gauge invariant

in this model since XS ,S = 0. The D field is defined by the differential equation

GSS̄X S̄ = iD,S , GSS̄XS = −iD,S̄ , (5.5)

with general solution

D =
e

S + S̄
+ ξ . (5.6)

The explicit dimensional reduction of [17] leads to a potential energy from D-terms given

by

V =
1

8
e2e−2φ =

1

2
D2 , (5.7)

which implies that ξ = 0, even though a non-vanishing value would have been compatible

with D = 4 supergravity.

The full Lagrangian of the model is a special case of (4.2) and rather simple. It reads

L = Lb + Lf + Lint , (5.8)

Lb =
1

2
R − 1

4
FµνFµν − GSS̄DµSDµS̄ − 1

2
D2 ,

Lf =
1

2
εµνρσΨ̄µγνDρΨσ +

1

2
λ̄γµDµλ + GSS̄ψ̄γµDµLψ ,

Lint =
1√
2
GSS̄ [DµS̄Ψ̄νγ

µγνLψ + DµSψ̄RγνγµΨν ]

+
1

2
DΨ̄µγµγ5λ + FρσΨ̄µγρσγµλ +

√
2GSS̄ [X S̄ λ̄Lψ + XSψ̄Rλ] ,

where

DµΨν =
(

∇µ +
1

2
iBµγ5

)

Ψν ,

Dµλ =
(

∇µ +
1

2
iBµγ5

)

λ ,

DµLψ =
(

∇µ + ΓS
SSDµS +

1

2
iBµ

)

Lψ . (5.9)

The composite Kähler connection is

Bµ =
1

2i

(

K,S DµS − K,S̄ DµS̄
)

= − 1

S + S̄
(∂µh − eAµ) . (5.10)

It is gauge invariant in this model because the Kähler potential is invariant and Im(F ) =

ξ = 0. One can now directly obtain the equations of motions for Aµ and h (without going

through those of S and S̄ first), which are

∇µFµν + 2eGSS̄(∂νh − eAν) = eJν ,

2∇µ(GSS̄(∂µh − eAµ)) = ∇µJµ , (5.11)
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where

Jµ = −δ(Lf + Lint)

δAµ
. (5.12)

Applying 1
e
∇ν one finds an expression which vanishes completely when the scalar equation

of motion is used. Thus there is no inconsistency in this model. This agrees with the general

consistency condition (4.8) because we have a gauged shift symmetry with constant Killing

vectors and Bµ is gauge invariant. Therefore the fermions are invariant under the gauge

transformation, and the fermion terms in (4.8) which lead to inconsistency in other cases

are simply absent. Note that there are uncanceled triangle anomalies in ∇µJµ, but they do

not affect consistency because ∇µJµ is the source for the scalar field. A similiar situation

occurs in the model considered in [4].

This favorable result depends on the particular choice of Kähler potential (5.4) which

is gauge invariant under the shift symmetry. A general Kähler transformation would lead

to a non-gauge invariant potential and thus a non-vanishing Im(F ). By (4.11) this would

signal that the theory is inconsistent. The resolution of this apparent problem is that one

need not require Kähler invariance in this model because the target space is topologically

trivial and the Kähler potential can be chosen to be gauge invariant. There is no need to

consider Kähler transformations which change the preferred form (5.4).

In other situations the absence of invariance under Kähler transformations can lead to

severe problems. A class of examples are toroidal orbifold compactifications where modular

SL(2, Z) transformations of the background tori act on the moduli scalars as perturbatively

exact global symmetries. They leave the Kähler potential only invariant up to Kähler

transformations. The cancellation of anomalies restricts the charged matter spectrum of

these models, as was for example studied in [19]. No such problem actually arises in the

present case. The symmetry S 7→ S′ = −1/S of the target space SU(1, 1)/U(1) looks

potentially dangerous since it leads to a Kähler potential not invariant under a shift of S′.

However, the inversion is not a symmetry of the full model because it is broken by the

D-term potential (5.7) induced by the fluxes. Thus, the choice of flux breaks the global

symmetry and no inconsistency arises.9

The problem of Kähler anomalies can reemerge if one tries to “integrate out” the

scalar S replacing it with a constant background value. Then the D-term of (5.6) takes the

role of a constant Fayet–Iliopoulos coupling, since S is no longer dynamical. This is the

philosophy often adopted in the case of D-terms generated in the context of the Green–

Schwarz mechanism. The classic example is the Fayet–Iliopoulos coupling of Dine, Seiberg,

and Witten [20]. After fixing S the issue of the consistency may need to be readdressed.10

It is curious that if the gravitational degrees of freedom in the model of this section

are dropped and the field Re(S) = eφ is frozen at a constant value, the model is essentially

the same as that considered in section 2 of [4]. Gross and Jackiw found that the model

has an axial anomaly but is consistent. It is a model of a massive vector boson in which

9We would like to thank Jan Louis for this key observation.
10The question if S can be integrated out without breaking supersymmetry was discussed in [21].
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the anomaly induces a non-renormalizable term h εµνρσF a
µνF a

ρσ . This shows that there are

models with triangle anomalies which are nevertheless consistent.

6. Discussion and conclusions

To summarize, we have shown that the structure of anomalies in gauged non-linear σ-

models coupled to supergravity is richer and more intricate than often assumed in the

literature. This is mainly due to the fact that all fermions couple to the composite Kähler

gauge connection Bµ. This Bµ and its field strength Bµν depend on the scalar fields.

In addition to the usual gauge, gravitational, and σ-model anomalies, Bµν appears in the

violation of gauge current conservation laws via one-loop triangle diagrams which threatens

to spoil the consistency of the theory.

The Kähler transformation K(z, z̄) → K(z, z̄) + f(z) + f̄(z̄) is at the root of the

anomaly and consistency issue. However, invariance under Kähler transformations is not

necessarily required in a field theory model. We now clarify the conditions under which a

significant consistency problem occurs.

1. Suppose that the σ-model target space T is topologically trivial, and there is a

Kähler potential which is invariant under the global and gauge symmetries of the

theory. Then there is a priori no need to go beyond this “preferred” K(z, z̄), and the

theory is consistent. This was the case in the flux model of section 5 where only shift

symmetries were gauged.

2. If T is topologically non-trivial, then several coordinate charts OA are required to

cover T . The Kähler potential need not be a globally defined scalar on T ; rather there

is a KA on each chart such that in overlap regions OA∩OB , the potentials are related

by KA − KB = FAB , where FAB is holomorphic. The spaces CP
n are examples. In

this case invariance under Kähler transformation does impose consistency conditions

on the supergravity model. Witten and Bagger [22] discussed important constraints

even in the absence of gauging of the isometries. In addition the Kähler anomalies

associated with the gauging which we have emphasized are also significant.

3. The two main situations analyzed in our paper are when K(z, z̄) is not gauge invari-

ant, but changes by a Kähler transformation as in (2.6), and the case of a Fayet–

Iliopoulos coupling. In both cases the consistency condition (4.11) of the theory

contains the extra term Im(F a)∇νN
ν from (4.12) where Nν is the Noether current

of the global axial symmetry. This is a challenge to the consistency of all gauged

supergravity theories where no gauge invariant Kähler potential exists, such as CP
n,

and to many phenomenological models that make use of Fayet–Iliopoulos couplings.

Even when Im(F a) = 0 the consistency condition contains several new terms due to

Bµν in (4.15) which must eventually be canceled.

Conventional anomalies involve εµνρσFµνFρσ and εµνρσRµνλτRρσ
λτ . These structures ap-

pear in gauge current anomalies and lead to inconsistency unless cancelled. It is common

practice to attempt to cancel them by adding new fermions to the model. We have found
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new anomaly structures which involve scalar fields, and these can require new independent

cancellation conditions.

It is well known that to cancel one-loop anomalies it is possible to incorporate addi-

tional terms into a supergravity Lagrangian. This has been widely investigated in string

compactifications where anomaly cancellation in the effective four-dimensional theory is

very important. See e.g. [14, 23 – 28]. Let us briefly recall some aspects of the known

mechanisms which have been studied. A supergravity theory may contain non-minimal

field-dependent gauge kinetic functions fab(z), which lead to the term

Im(fab(z))εµνρσ
a

Fµν
f bρσ (6.1)

in the action. If fab(z) is not invariant under gauge transformations, its variation con-

tributes to the current conservation in the same way as an anomalous triangle diagram. It

can cancel terms in the gauge current anomalies in (4.12) and (4.15) which are quadratic

in F a
µν . This is essentially a realization of the four-dimensional Green–Schwarz mechanism.

In [6] the anomaly cancellation conditions of supergravity models with gauge and

Kähler anomalies, and with Green–Schwarz mechanism will be analyzed in the limit of a flat

σ-model target space. Essential steps to obtain the physically relevant anomalies involve

conversion of covariant anomalies into consistent anomalies and including all finite local

counter terms in the Lagrangian. The outcome shows the necessity of a Green–Schwarz

mechanism whenever the Kähler potential is not gauge invariant or Fayet–Iliopoulos cou-

plings are present.

Other possible counter terms based on superspace integrals were proposed in [24, 25]

to cancel anomalies. These terms are non-local and of the form

εµνρσ
a

Fµν

a

F ρσ
1 ∇ρBρ , εµνρσBµνBρσ

1 ∇ρBρ , . . . (6.2)

Their gauge variation is a local expression again of the same form as induced by triangle

anomalies with the respective gauge fields at the vertices. Although these terms have been

studied in several string compactifications, we are not aware of any example where all

anomaly structures found in our work were demonstrated to cancel.
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A. Some arguments on one-loop anomalies

In the complete supergravity Lagrangian certain interaction terms were neglected in the

derivation of anomalies. Here we show that there are no anomalous effect resulting from

the current Jaν
int of (4.10).

We begin by discussing the gauge-fixing of the gravitino action assuming a flat space-

time background for simplicity. Let’s add a gauge-fixing term to the gravitino kinetic

Lagrangian which includes the Bµ connection, obtaining

L =
1

2
(Ψ̄µγµνρDνΨρ + ζΨ̄µγµγνDνγ

ρΨρ) . (A.1)

In the vNV gauge [29], in which ζ = −1
2 , this becomes

L = −1

4
Ψ̄µγργνDνγ

µΨρ . (A.2)

The linear field redefinition [30]

Ψµ 7→ Uν
µΨν , Uν

µ = δν
µ − 1

2
γµγν , Uρ

µUν
ρ = δν

µ (A.3)

takes us to the ultra-simple AGW gauge [31] Lagrangian

L =
1

2
Ψ̄µγνDνΨµ . (A.4)

Using standard γ-matrix identities the current can be written in terms of the new variable

Ψµ as
a

J
ν
int =

√
2Gαβ̄

( a

X
β̄Ψ̄νLψα +

a

X
αψ̄β̄RΨν

)

+ 2Dµ

(

Ψ̄ργ
µνγρ

a

λ
)

. (A.5)

Things simplify and there is little loss of generality if we study the situation in the truncated

Grimm-Louis model of section 5 in which Lψα can be replaced by the single Majorana

spinor ψ and the total fermion current of the model is

Jν = − i

4

e

S + S̄

(

λ̄γνγ5λ + Ψ̄µγνγ5Ψµ − 5

(S + S̄)2
ψ̄γνγ5ψ

)

+ Jν
int ,

Jν
int =

√
2

ie

(S + S̄)2
(Ψ̄νγ5ψ) + 2∂µ(Ψ̄ργ

µνγρλ) . (A.6)

We look for possibly anomalous triangle diagrams for the 3-point function of currents

〈Jµ(z)Jν(y)Jρ(y)〉 in which the current Jaµ
int appears in at least one position. Among

diagrams with an internal ψ line (and no gauginos), one can rapidly see that the either

Wick contractions vanish or the diagrams have vanishing γ-matrix trace.

There are two non-vanishing one-loop diagrams involving two insertions of the gaugino

part of Jaµ
int and an insertion of the gaugino and (gauge-fixed) gravitino axial currents. These

diagrams are complicated and a regulated calculation appears to be difficult. Therefore

we adopted another strategy, in which we generalize the Fujikawa analysis to include the

mixing of a gravitino and (abelian) gaugino in the Lagrangian

L =
1

2
Ψ̄µγνDνΨµ +

1

2
λ̄γνDνλ + Ψ̄µγρσFρσγµλ , (A.7)

– 21 –



J
H
E
P
1
1
(
2
0
0
6
)
0
6
7

with Dν = ∂ν + 1
2 iBνγ5. We then defined the operators DL = DL and DR = DR in which

D is the matrix operator

D =

(

/Dδν
µ Fαβγαβγµ

γνFαβγαβ /D

)

. (A.8)

It acts on (Ψν , λ)T to the right and on (Ψ̄µ, λ̄) to the left. Mode expansions lead to a

Jacobian in the Fujikawa method which is a generalization of that of sections 6.4 and 6.4.1

of [5] and reads

ln(J) = −2i

∫

d4k α(x)e−ik·xtr
[

f
(DD

M2

)

γ5

]

eik·x . (A.9)

The function f(DD/M2) is a smoothly decreasing function of the mode eigenvalues with

cutoff scale M2. After shifting /D by the plane wave momentum kµ and expanding in

powers of 1/M we find that potentially non-vanishing terms of order up to 1/M4 exist.

In the standard calculation with /D instead of D one only has to evaluate the product /

D/D and extract the term (γαβFαβ)2 that has a non-vanishing trace with γ5. Here it

becomes necessary to compute D4 and consider many independent contributions. The

calculation is too tedious to report in detail. Suffice it to say that, by careful evaluation of

traces, we were able to show that all effects of the Ψ̄µγρσFρσγµλ mixing term vanish, and

the only contribution to the trace comes from the conventional terms (/D/D)2. The gauge

anomaly reduces (after inclusion of gravitino ghosts) to the well known anomaly of N = 1

supergravity coupled to one gauge multiplet.
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